Analysis I (Math 3150) Fall 2009
Schedule and Homework

Tentative Schedule

Weeks are numbered chronologically with no skipping, starting from the first week of the
semester.

] Week \ Sections \ Comments \ Material Actually Taught ‘
1 1.1 1.1
2 1.3,1.4 Quiz 1 1.3, began 1.4
3 2.1,2.2 1.4, began 2.1
4 2.3,2.4 Quiz 2 2.1,2.2 (except: Th. 2.9,2.17)
) 2.5,3.1,3.2 Midterm I 2.3 - Monotone seq, 2.4
6 3.3,3.4 Quiz 3 Finished 2.3,2.5
7 4.1,4.2 3.1,3.2 began 3.3
8 4.3,4.4 Quiz 4 finished 3.3, began 3.4
9 5.1,5.2,5.3 4.1,4.2
10 5.4,5.5%5.6% | Quiz 5 4.3,4.4
11 6.1,6.2 Midterm II Began 5.1
12 6.3,6.4,6.6 Quiz 6 Finished 5.1
13 Thanksgiving
14 7.1,7.2,7.3 Quiz 7 5.3,6.1,6.2
15 7.4,(8.1-8.4)* 6.3,6.4

Starred sections will be covered time permitting.

Homework Assignments

Next page.



HW 1 (posted Week 1, 09/03)

In all problems below, F'is a field and a € F.

1. Prove that (—1)a = (—a).

2. Let Np ={1,1+1,1+1+1,...}n{0}, Zrp={a€ F:aeNor —a e N}U{0}. Let
Qr ={pg ' :p € Zp,q € Np}. Prove that Qp is a field, and it is the minimal field
in F: Qp C G for any other field in G contained in F' (the operations for G, Qp are
induced by the operations in F).

In all problems below, assume that I is totally ordered.

3. Prove that if 0 < a < b, then % < %

4. Prove that |a| = | — a| and a < |a].

5. Let M € F be positive and let a € F'. Prove that |a| < M if and only if —M < a < M.

6. Complete the proof of Theorem 1.9.

7. Show that 1+ --- 4+ 1 # 0 and conclude that any totally ordered field is infinite.

Solution

1. 0=0a= (14 (-1))a=a+ (—1)a. So (—a) = (—1)a.

2. Any field contained in F must clearly contain Qg. This proved the second claim. Now it is a straightforward computation that Qg is
closed under addition, multiplication, additive and multiplicative inverses. Therefore it is a field.

3. 0<a<b So0< (b—a). Now for ¢ > 0 we have ¢~! > 0. Otherwise ¢! < 0 and then 1 = ¢~ !¢ < 0 (why ?), a contradiction. In
particular, a 1571 >0 Thus b= ! =aa"'p~ ! <ba"lo~1 =41
(Note this statement is an if and only if one)

4. Without loss of generality a > 0, and so —a < 0. Now |a| = a and by definition | — a| = —(—a) = a. Next, if 0 < a, then a = |a| so
a < |a|. Otherwise a < 0 and so a < 0 < —a = |a| and the claim follows.

5. Claim is obvious for nonnegative a. Now if a < 0, then 0 < |a| = —a, and so —a = |a| < M if and only if —M < a (add a — M to both
sides for forward implication and subtract for reverse).

6. In the book.

7. 0<1<141<1+1+41,... (using the fact that the relation < is preserved when adding the same number to both sides). Therefore

each new member of this sequence of sums of 1’s is different from all the previous ones. This shows both statements.



HW 2 (posted Week 2, 09/10)

Section 1.3:2,3,4,8,9,10

Solution

2

10

Let M = sup E. Then there exist n € Z such that n < M < n + 1 (discussed in class, see below) Now if e € E, then e < n+ 1, so e < n.
Hence n = sup E, so M = n.

To prove the part it is enough to show that for any set A C R, m = inf A if and only if —m = sup(—A), where —A = {—z : z € A}. I
leave this to you, and the result then follows.

We know that /2 is irrational. Indeed, if V2 = p/q for relatively prime p, q, then 2q2 = pZ. Hence p2 is an even square, so it has to be

2
divisible by 4. But then q2 = % is also an even square, so it is divisible by 4, violating the assumption that p and g are relatively prime.

Also note that v/2 < 2 (why ?) Next, note that z is irrational then x 4+ and zr are irrational for all 0 # r € Q. Argue by contradiction.

lisa product of rational and so is also rational. Similarly, if z + r is rational, then soisx =z +r—r.

If zr is rational. Then z = (ar)*r~
Next let ¢ € (a,b) be rational. We know there exists one, and let € = 2—‘/’? for n satisfying (b — ¢) < m. Then, g + € is irrational > a and

<qg+e<q+(b—gq)<b.
Take a rational r in [a, a + 1/n], and the claim follows.

The set Ey, = {&n,Tpn41,...} is bounded. Therefore sy := sup E, exists and s, < M. Now any upper bound of the ”larger” set E, is
an upper bound of the ”smaller” set E, ;1. In particular, s, is an upper bound for E, |1, therefore s, > s, 1. For other statement
either apply the argument from [2], or repeat this argument with the necessary modifications.

Return to this after we discuss lim sup and lim inf.

There exists some n such that 0 < 2 < (b —a)n < (b — a)10™ because 10™ > n. Now This implies that 1 < 10"a < 10™a + 2 < 10™b.
Therefore there exists m € N in [10"a + 1,10™b). Call it m. Then 10™"a < m < 10™b. Divide both by 10", and claim is proved.

A C AU B, therefore any upper bound of A U B is an upper bound for A, in a particular, if A U B has a supremum, then it’s bounded,
and therefore also A, and the result follows by completeness. Now M = max(sup A, sup B) is an upper bound for AU B, while if x < M,
then there exists a € A such that z < a or b € B such that z < b. Therefore z is not an upper bound. It follows that M is the least
upper bound for AU B.



HW 3 (posted Week 3, 09/17)

1. Let A, B be nonempty sets. Prove that there exists an onto function f : A — B, if
and only if there exists a 1-1 function g : B — A.

2. Prove Theorem 1.37-(i)(ii). Note: our notion of countable is what the book calls ”at
most countable” (our notion of countable includes finite sets).

3. Suppose that A C B C R, and that A is countable, and B is not. Then B\A = BN A°¢
is uncountable.

4. Prove that any interval I C R with endpoints a < b is uncountable.
(Hint: Let h : R — R be the mapping h(z) = 4(x — a)/(b — a) — 2. Observe that it is
one to one and maps I onto an interval containing [0, 1].

5. Let C' C [0, 1] be the set containing all numbers whose decimal expansion contains only
the digits 2 and 7. Is this set countable ? Does it contain any interval 7

6. Sec. 1.4: Problems 5,6,9

7. (*) Let z € (0,1) be irrational. Show that if 0 < a < b < 1, then there exists m € N
such that a < (mx mod 1) < b (recall that x mod 1 is equal to z minus its integer
part).
(Hint: Divide (0, 1) into n disjoint intervals of length % Look at the first n+1 iterations
x,2x mod 1,3x mod 1,...,(n+ 1)z mod 1, and observe that at least two are in the
same interval. This is called the Pigeonhole Principle: if you have more pigeons than
pigeonholes, you will find two pigeons in the same hole).

Solution

1. = Each b € B is equal to f(a) for some (not necessarily unique !) a € A. Choose such an arbitrary a, and let g(b) = a. Now g : B — A.
Note that if g(b) = a = g(b’), then b = f(a) = b’, therefore b = b’. Hence g is 1-1.
< For each a € A in the image of g, there exists a unique b € B such that g(b) = a, for such a, let f(a) = b. This already defined an
onto function f : Image of g — B. Finally, for a not in the image of g, let f(a) = bg where by is some arbitrary fixed element of B.

2. Check book.

3. Union of two countable sets is countable. If both A and B\ A are, then their union, B is also, a contradiction. (typo correction, 10/01
03:10PM)

4. Well h is clearly one to one, and it maps the interval (a, b) (contained in I) onto (—2,2), which contains [0, 1]. Hence if f : N — I is onto,
then h o f maps N onto some interval containing [0, 1], contradiction to the uncountability of [0, 1].

5. No to both questions. We can’t list them, by the very same argument we used to show that the set of infinite sequences of {0, 1} is
uncountable. Next, this set does not contain any interval because if it does, then there’s some = and n such that x,z + 10~ "™ are both in
this set. However,  + 10~ " can’t be in that set because it must contain either the digit 3 or 8.

6. 5 (a) [—1,2]. (b) [0,1] (¢) [0,1] (d) {0} (correction, 08/29 08:53AM)

6 (a) = (b) The right-hand side is the image of all elements in A which are not also images of elements in B. Since f is 1-1, this
is exactly the image of all elements in A which are not in elements in B, proving the equality.
(b) = (c) Suppose not. Then f~'(f(E)) contains E and an element not in E, say b. Let B = {b}. Then f(E) = f(0E\B) =
F(E)\f(B) = f(E)\{b}, a contradiction.
(c) = (d) Clearly f(A N B) is a subset of f(A) and a subset of f(B), so it’s contained in f(A) N f(B). Now if w € f(A) N f(B),
then let @ € A, b € B such that f(a) = f(b) = w. By (¢), a = f~ (f({a})) = fFH(f({b})) = b. In particular, a,b € AN B,
proving w € f(A N B).
(d) = (a) Let A = {a}, B = {b}. Then by (d), AN B is empty if and only if f(a) # f(b). But AN B is empty if and only if
a # b. Therefore, f(a) # f(b) if and only if a # b.



9 (a) Assume both 1-1. Then if a # a’, then f(a) # f(a’) and so g(f(a)) # g(f(a’)) hence go f is 1-1. Assume both onto, then for
each ¢ € C there exists b € B such that g(b) = c¢ and for each b € B there exists a € A such that f(a) = b. Thus, g(f(a)) = ¢,
proving g o f is onto.

(b) For each b € f(A), there exists a unique a € A such that f(a) = b. Define f~1(b) = a. Then f~! is a one to one function
from f(A) onto A.

Note: this exercise is not well-worded. In general, f71 NOT a function on B because it maps subsets (not elements) of B to
subsets of A. Therefore, what we do here is abuse of notation. In fact we do it with all inverse functions. (c) If f is 1-1, then by
(a), go f is 1-1. Conversely, if g o f is 1-1 and a # a’, then g(f(a’)) # g(f(a)), therefore f(a’) # f(a).

You may want to recall some facts above irrational numbers as listed on the solution to Problem 1.3,3 from HW 2. Let a,, = mz mod 1.
First a;, = ma — | for some nonnegative integer [, therefore a,, is irrational. By definition, a,, € [0, 1]. Choose n large enough to satisfy
% < b—Ta_ According to the hint, there exists k € {0,...,n — 1} and 1 < k1 < k2 < n + 1 such that ay,,ar, € [k/n,(k+ 1)/n].
Without loss of generality, assume that ap, < ay,. Let 1 = ag, — ag; = (k2 — k1)z mod 1 # 0 (because (k2 — k1)x is irrational and
therefore not an integer). Then z; € [0,1/n] < b — a. In particular, there exists some nonnegative integer m such that mzi € (a,b).
Now z1 = m((k2 — k1)z mod 1). But for any real z and integer [, [(z mod 1) mod 1 = lz mod 1. In particular, mz; = (kg —kp )

completing the proof.



Quiz 2 (Week 4, 09/24)

1. Define ”a countable set”. Let A C R be nonempty. Assume that for each M € R the
set By = {x € A:x < A} is finite. Prove that

(a) A is bounded below.
(b) A is countable.

Solution

1. Check your notebook.

2. (a) Fix any M € R. If B)s is empty, then let m = M. Otherwise, Bjs has a finite number of elements, in particular it is bounded
from below by some m € R. Let x € A. Then either « € A\B); and then, x > M > m or ¢ € By, and then M > z > m. In
both cases, m is lower bound for A.

(b) Note that A = UprenAps, a countable union of finite (therefore countable) sets. Hence A is countable.



HW 4 (posted Week 4, 09/26)

Sec. 2.1:1cd,2bc,3,4,5b,6
Sec. 2.2:4,5,7 (all those do not require the theorems not discussed in class yet).

Solutions

2.1:1

2.1:2

2.1:3

2.1:4

2.1:6

2.2:4

2.2:5

2.2:7

(c) note that 0 < (5 + n)/n? = 7757 + % <

2
n
(d) ap =7 — % so |m —an| = % Find N(e) such that 9 < €2n for all n > N(e) and so |7r—a,n\2 < €

. Fix € > 0. There exists N(¢) such that 2 < en for all n > N (e€), and the claim follows.

2. Clearly, |7 — an| < €.

(b) |3zy + 1 — 4| = |3zy, — 3| = 3|zy, — 1|. By definition, z,, — 1 if and only if |z, — 1] — 0

2 2

2 2 n—1)2+(1—= —1 —1 . 1 1
(©) (2 + %) /2n — 8] = (& — 8o +2)/wn| = | Za=D240=20) | ¢ J2n1 4 201l _ (4) For n > N(min{e/3, 3}, lon — 11 < }
and |zp| = |14+ zp — 1| > 1 — |2y — 1| > % Therefore (x) < |zn, — 1| 4+ 2|zy, — 1| = 3|zy — 1| < 3€¢/3 = €.
Let ngp = 2k. Then (wnk) is the constant sequence 1,1,1,... which converges. Next, the sequence itself does not converge and this is
clearly a non-convergent subsequence. If you wish a proper subsequence, take nj = 3k. Then (mnk) is the sequence —1,1,—1,... (the
original sequence), which we have shown to be non-convergent.
(b) When n is odd, (—1)3™ = (—1)" = —1. Therefore letting nj, = (2k — 1) for k = 1,..., (all odd indices, the resulting subsequence
(z"k) is the constant sequence (0, 0,0, ...) which obviously converges to 0.

(a) Let € > 0 be given then for n > N(e), |bp — 0] = |bn]| < €. In particular, |z, — a| < |bn| < €, completing the proof.
(b) Choose N(e/C) in part (a) and so |zy — a| < Ce/C =€ for n > N.

(a) Recall —|zn| < zn < |zyp|. Therefore, if |z,| < C, it follows that =, € (—C,C). Thus, C is an upper bound and —C is

a lower bound. Conversely, if the sequence is bounded, below by m and above by M, then =z, < M < |[M| < |M| 4+ |m/|. Similarly,

Tp > m > —|m| > —|m|—|M]|. so |zyn| < |M|+|m| for all n. (b) Let C be as above. For n > % we have |z, —0| < % < % < Ce/C =e.
n

(a) Let a = limp 00 ©n, = limy o0 Y. Let N be such that for n > N, |z,, — a| < €/2, and |yn, — a| < €/2. Then |z, — yn| =
|[Tn —a+a—yn| <l|zn —al+|yn —a| <e .
(b) A convergent sequence is bounded. This is not, so it can’t be convergent. Why ? Let M > 0. Then there exists n such that M < nl.
In order words, for M there exists some element in the sequence bigger than M. So no M is an upper bound.

(¢) Take zy, = yn, = n. Then z, — yn = 0, a convergent sequence, but both (z,) and (y,) do not converge.

Let zp, = |\/Zn — VZ|. Then zy,(\/ZTn, + V) = |zn, — x|. Split into two cases. First > 0. Then zp/zZ < 2n(/Zn + V) < |zn — z|.
So zp < ﬁﬂn — z| and the claim follows (take n > N(y/ze)). If ¢ = 0, z,, = /@, and letting N(e?) we have |z, — 0| < €2 and in

particular, \/z, < €.
Let ry € (2,2 + %) be rational (between two numbers there’s a rational). Now |r, — z| < % This settles the proof (see 2.1:4).

If z,, — x, then (zp, +2) — x4+ 2 and by 4, VT, + 2 — =+ 2. Now (2,41) is a subsequence of (zy,) (n) = k + 1), therefore converges to

x. We then must have z = limp 00 Tp41 = limp oo VZn +2 =V +2. So 22 =z +2o0rx? —4= (z —2). But 22 —4 = (z—2)(z+2).
Hence (z — 2)(z 4+ 2) = (x — 2). Thus, x =2 or z + 2 = 1 and then z = —3. But |zy, — (—3)| > 3 for all n because z,, > 0. Hence =z = 2.

(b) Same argument shows z = 1 — /T — z. Therefore 1 —x = T —z or (VI —x)? = /T — z. So either z = 1 or & = 0.



Midterm I (Week 5, 10/01)

1. Let E be a nonempty subset of R. Define:

(a)
(b)

E is bounded above.
(Assuming F is bounded above) M is the supremum of E.

2. Let (a,) be a sequence of real numbers, all different from 0, satisfying lim,, ., a,, = oc.

(a) Prove that lim, . t =0

(b)

Is the converse true (that is, does the condition lim,, ., ai = 0 imply lim,, . a, =
o0) 7

Prove that there exists a sequence (r,) consisting only of rationals and containing
all rationals (that is r,, € Q for all n and for each ¢ € Q there exists n such that
Tn =q).

Let (r,) be the sequence from part (a). Prove that for each x € R there exists
a subsequence (r,, ) converging to x (you are allowed to use the fact that the
rationals are dense in the real numbers).

4. Determine whether the each of the following is true or false. If true, prove. If false,
find a counterexample.

(a)
(b)
()

(d)

Let E, F be subsets of R such that sup E < inf F. Prove that E N F = ().
If E C R is such that sup F exists, then sup & € E.

Every uncountable subset of [0, 1] contains an interval (a, b) for some 0 < a < b <
L.

If (a,) is a convergent sequence of nonnegative numbers then lim,, .., a, > 0.

Solutions

1. Read notes.

2. (a)

(b)

(b)

By definition for every M € R there exists N(M) such that if n > N(M) a, > M. In particular, fix € > 0 and let M = %
Then, for n > N(% we have a, > % In particular, a,, > 0. Multiply both sides by the positive number €/a,, to obtain

€ > ﬁ = |ﬁ — 0|, completing the proof.

No. Let ay, = (—1)"n. Then |% —-0| = % and so limg, o % = 0. However, given any M € R, there exists N € N such that
n n
—N < M and so for all n > N, agn41 = —(2n 4+ 1) < —n < M, contradicting definition of convergence to co.

Q is countable. That is there exists f : N — Q which is onto. Let r,, = f(n). This sequence attains only rational values and
attains all rational numbers.

By density of rationals we mean that between any two real numbers a < b, there exists a rational. Let’s start. Let a = =,b = z+1.
By density, there exists a rational r € (z,z + 1). Let nj be such that Tmqy = T- Continue by induction, assuming that Tng is
a rational bigger than . The next element in the subsequence will be a rational less that "halfway” from z to T that is in
the interval (z,z + (rn;, — x)/2). How ? Well, note that there are infinitely many rationals in this interval. Otherwise, there’s
only a finite number and then here exists a minimal one, but then by density, between x and it there has to be another rational,
contradiction to minimality. Now since the set {ry1,r2,..., rnk} is finite, one of the infinitely many rationals in that interval is
given by 7y, for some n > nj. Choose the smallest such n as np ;. Clearly, ngy1 > ng. This completes the construction of the
subsequence. It remains to prove that (rnk) converges to z. By definition, |T"k+1 —z| > |rnk — z|/2 (being less than halfway)

so by induction, ‘r"k —z| < |rp — x\/2k71A Since the sequence on the right hand side converges to 0 as k — oo, it follows that
Tny — T, as k — oo, completing the proof.



(a)

(b)

()

(d)

TRUE. Let © € E and let y € F. Then z < sup E < inf F < y, therefore £ < y. So no two elements = € E, y € F satisfy z = y.
In order word EN F = .

FALSE. Let E = (—o0,1). Then sup E = 1 because 1 is an upper bound to E (by definition), and any smaller number z is not
an upper bound to E (because for example, there exists a rational in (z,1)). In particular, 1 = sup E, but 1 ¢ E.

FALSE. An explicit example is provided in HW3, problem 5. Here’s another method. [0, 1] is uncountable, and Q is countable
(both proved in class). Now [0, 1]\Q is uncountable (HW 3, Problem 3), and does not contain an interval (because any interval
(a, b) contains a rational by density of rationals).

True. Argue by contradiction: suppose that some sequence (ay) of nonnegative numbers has a strictly negative limit —L < 0.
Then (taking e = L/2) for n > N(L/2), |ap, — (—L)| < L/2. In particular ap, — (—L) < L/2 so adding —L to both sides we have
an < —L/2, or 2ay, < —L, a contradiction, because 2a, > 0 > —L.



HW5 (posted Week 5, 10/02)

1. Suppose that (a,) is a sequence converging in the extended sense and there exists
N € N such that a, > 0 for all n > N. Prove that lim, ., a, > 0 (Midterm I,
Problem 4(d)). Conclude:

(a) (Monotonicity of limits). If (x,) and (y,) are sequences converging in the extended
sense and there exists some N € N such that z, < y, for all n > N, then

(b) (Squeeze theorem). Suppose that (x,) and (z,) are sequences converging in the
extended sense, satisfying lim, . =, = lim, . z,. Let (y,) be a sequence such
that there exists N € N and z,, < y, < z, for all n > N. Prove that (y,)
iconverges in the extended sense and that lim,, ., vy, = lim, . x,.

Note: since oo are not numbers, one needs to extend the notion of total order < to
extended numbers. This is done by requiring —oo < a < oo for all extended numbers.
a. This preserves all properties of total order. As before, for extended real numbers
we write a < b if a < b and a # b. Note that a statement of the form a < oo (for an
extended number a) is a tautology, and so if (z,,) converges in the extended sense, then
there is no need to "prove” lim,, .., x, < 0o, because the left-hand side is an extended
real number. However, a statement like lim,, .., z, < oo needs a proof, because one
still needs to show that the left-hand side is not +oc.

2. Prove that if (a,) is an unbounded non-decreasing sequence then lim,, .., a, = co.

3. Consider the following sequences. In each case, determine whether the sequence con-
verges, converges in the extended sense, or neither. In the former two, find the limit.

(a) a1 =1, apy1 = H% (Hint: (a,) is non-decreasing).

(b) a; =1, an+1:an+n+r1 (Hint: ¢+ -+ 5 > 3).
(c) a1 =1, apy1 =ap+ (=1)"(n+1).

4. Let P(x) =po+ ...ppx™ and Q(z) = qo + - - - + gmx™ be polynomials of degrees n, m
respectively (in particular p,g., # 0). Let a, = P(k)/Q(k). Prove

o0 n>m

limak:p—n 1 n=m

k—o0 dm
0 n<m

5. Suppose that lim,, .., a, = co. Prove, using only definitions, that (a,) is not Cauchy.

6. Let (a,) be a sequence. Suppose that the sequence (b, ), defined by b, = a,11 — ay, is
a Cauchy sequence. Is (a,) necessarily Cauchy 7



7. Let (a,) be a sequence. Prove that a, is Cauchy if and only if lim,, ., max{|a, — ay| :

k>n}=0.

8. (*) Limits of limits... A subset £ C R is called closed if it’s empty, or that whenever
(x,) is a convergent sequence consisting only of elements in E, then the limit is also
in F (so it’s closed under the operation of taking limits).

Let (a,) be a sequence. Let S denote the collection of all limits of all convergent
subsequences of (a,). Prove that S is closed.

(*) Conversely, assume that S is any closed set. Show that there exists a real sequence
(a,,) such that S is the set of all limits of all convergent subsequences of (ay,).

9. (*) Roots, etc...

So far, the only operations we did with real numbers were combinations of addition
and multiplication of numbers and their inverses. We have all heard of roots and more
complicated operations. In this exercise we define roots and rational powers of positive
numbers.

Assume that 0 < y. The positive n-th order root of y is a solution x > 0 to the
equation 2" = y. We will show that a solution to this equation exists and is unique,
therefore the notion of n-th order root is well defined. We denote the n-th order root
of y by y'/". Having completed this, we define the notion of a rational power of 3 and
study some of its basic properties. Let’s start.

Step 1: Existence and uniqueness for root when y € (0, 1].
i. Let A={0<wueR:u™ <y} Provethat A is nonempty and is bounded
above by 1.
ii. Let z = sup A. Prove that 2" = y. You may use the inequality (z + n)" <
" + (n + 1)In, valid for all z,n € [0,1] (you can prove this inequality using
the binomial formula).
iii. Show that if 2/ <0 and (2/)" =y, then 2/ = x.
Step 2: Existence and uniqueness of positive n-th order root for all y > 0.

i. Prove that z > 0 satisfies 2" = y if and only if (1)" = y.
ii. Conclude that for any y > 0 the exists a unique positive n-th order root.
Step 3: Power Properties.

Recall that for any two integers, ny, ng, y™ "2 = y™y"2 and (y™)" = y™"2 (it’s
important to remember the following conventions: y° = 1 and for n € N, y™ is
a shorthand notation for (y")~'). We extend these properties to rational powers
of y. First we have to define what rational powers are. For y > 0, denote the
positive n-root of y by y/".

i. Prove that for ni,ny € N. (y!/m)1/n2 = 1/(min2),

ii. Prove that for m € Z, n € N, (y'/™)™ = (y™)'/".
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iii. Let r € Q, and assume that one can write = £ = ™ for p,m € Z and
n,q € N. Prove that (y*/9)? = (y/")™. Define y" = (y'/?)P. Explain why y"
is well-defined.

iv. The last part defines a number which is formally the r-th power of y. In this
last part you show it satisfies the power properties.

Prove that for ri,ry € Q, y™ 2 = y™y™ and (y™)"™ = y"'2.

ESWS]

Solutions

2.

3.

There are two differences from Midterm I, Problem 4(d). One is that the sequence may convergex to +oco. In this case the claim is trivial
because (see note below the problem) any real number is < oo, after extending the < relation to extended numbers. So this has been
taken care of. Another difference is that we only assume that (ay) is nonnegative from some index (and not from the first index). Does
this make a difference ? No. Why ? Limit does not change if the sequence is changed on a finite number of indices. So modify the
sequence whenever is negative (if at all) and the limit will not change. Prove it !

(a) If y, — oo, as n — oo, then the claim is trivial (see note below the problem). Assume then that lim, o yn < oco. Now let
¢n = Yn — Tn, then (cp) satisfies the conditions of the first part, and its limit is nonnegative. In particular, by the allowed
arithmetic operations with extended limits, it follows that limy,— occn = limy— oo Yyn — limy— oo y, (make sure you understand
why this is allowed: not both limits are infinite), and the claim follows.

(b) Obviously, if y, — oo as n — oo then z, — co as n — oo (make sure you understand the analogous statement when the limit is
—o0). Therefore, we may assume that the limit of (y,,) and (zy) is finite. Denote it by L. Then |y, — L| = |y, — L+ yp —an| <
|en — L] + |lyn — @xn| < |&n — L| + 2n — xy,. Take the limit on the right-hand side and you’re done.

First, we show that (ay) is unbounded above. Indeed, a1 < ap for all n because the sequence is non-decreasing, so aj is a lower bound.
Since the sequence is unbounded, it follows that it has no upper bound. In particular, for each M € R there exists N(M) € N such that
any > M. But for all n > N(M), ap, > ap, proving, by definition, that a, — oo as n — oo.

(a) a1 > 0, so by induction apn > 0. Now note that a, 41 = liznA Therefore a,41/an = a:11 * ﬁ = ﬁ

increasing. Since it’s bounded below, it converges to a limit, say L. In particular, L = limp 00 @py1 = limn — oo

< 1. So (ay) is non-

an  _ L
T+an, ~ I+L°

Solving the equation we find that L = 0.

(b) (apn) is strictly increasing. Therefore converges in the extended sense (either finite or infinite limit). Note that agy, — ap =
%Jrl ot ﬁ > g5 = 1. Therefore (ay) is not Cauchy, so does not converge (to a finite limit), and we conclude that
limy, oo an = o0,

(€) apy2 = an + (—1)"(n +1) + (=D n+2) =ap + (=) ((n+1) — (n+2)) = an — (—1)™. Thus, for all odd indices n,
ap42 = ap + 1, while for even indices a, 42 = an — 1. Therefore (an) has a subsequence converging to +oco and a a subsequence
converging to —oo. In particular, it does not converge, not even in the extended sense.

This is an exercise in rewriting the expressions. Indeed,

n Pn—1,-1 Po p—n
pnk™(1+ o kT + Apnk )7

A —
gmkm (14 I2=L 1 4

Pm

Pn pn—m

ap =

PQ k—m) o

q
Pm m

Note that limg_, o by = 1, and the result follows from the arithmetic rules, and I'll skip the details.

‘We’ll show that the Cauchy condition fails with e = 1. Here’s why. Choose any N € N. We will find that there exist n, m > N such that
|an —am| > € = 1. Indeed, let n = N and since ay, — 00 as n — oo, there exists some m > n for which ay, > an + 1, or |am —an| > 1.

No. Let ap = n. Then (by) is a constant sequence, but (ay) is not Cauchy.

Let by, = sup{|ap — an|: k > n}. Note that (b,) is non-increasing.

= (assuming (an ) is Cauchy). Fix ¢ > 0, so for (any) k > N(e), |ar — an| < €. In particular, by < e. Since (by) is nonnegative and
non-increasing, it follows that |by, — 0| = by, < € for all n > N(e€). Hence limy o by = 0.

< Fix e. Let N(¢) be such that by, < € for all n > N. In particular, if m > n > N, we have |ay, — an| < by < e.

e FE may be empty, for example if (a,, ) converges to co. Assume E is nonempty, and let (z, ) be any convergent sequence of elements
in E (the convergence is in R). We need to show that the limit is in E, that is, it is a limit of some subsequence as well. Here’s
what we do. For each [, let (a ) )21 be a subsequence converging to x;, and assume that lim;_,, ; = z. Construct a new

n

(1)

subsequence (aﬁk) by letting n1 = n; ’, and continue inductively as follows:

_ . 1+1) _ =
1 = min{n{T > 7y |an(z+1) —zyy1| < 1/13.
m

This provides a subsequence because for each fixed [, a (1) — @ as m — oo. Now by the triangle inequality, \aﬁl —z| <
Ny

% + |# — ;| — 0 as | — oo, completing the proof.

11



9.

e Here’s how we're going to proceed. We will construct a sequence which will be obtained through concatenation of finite lists.
Each list will contain some approximation to the elements of E. Let’s begin.

(a)

(b)

The construction.

Let E, = E N [-n,n]. Note that E = U2 ; E,. Recall that for each & € R there exists a unique infinite decimal
representation. By infinite we mean that the representation does not terminate (with 0’s). For concreteness, the number
10 has an infinite representation as 9.99999 ..., the number 1234.432 has an infinite representation as 1234.4319999, etc. .
For any x € R, define its n-truncation as the number resulting by truncating its decimal expansion after the n’th decimal
digit. For example, the 1-truncation of 0.234 = 0.233999 is 0.2, and its 4-truncation is 0.2339 (note we only use the infinite
representation for z, not for its truncations). Good. Note that the set of all n-truncations of numbers in [—n, n] is finite
(you can easily show that there are exactly (2n + 1)10™). Let A,, denote the set of all n-truncations of elements in E,,.
List them in increasing order, an 1,an 2, .-, n L(n)» where L(n) is the number of elements in A,,. Now let (a,) be the
sequence obtained by concatenating these finite sequences, writing all (finite ) elements of A; first, then all elements of
A, etc. An explicit formula for a,, is simple but not very helpful here. We’re done with the construction.

The properties.

Now let’s test it. By construction, any element in E is a limit of some subsequence of (ay), because one can choose the
subsequence of its truncations. Conversely, we want to show that if z is a limit of some subsequence (a‘"k>’ then =z € E.
Without loss of generality (and by possibly passing to a subsequence), there is no loss of generality assuming ang, € E"k‘
Now let Ty, be any element in E whose nj-truncation is any - Then |xnk —Zn, | < \:cnk —ny +an, —an; +an; —Tn, | <
|xnk —an, |+ \ank —an,; |+ \anl —Tn,; |. Now note that by definition, the distance between any number and its n-truncation

is no-greater than 10~ ™. Hence the sum of the last three terms is bounded above by 1071 + 1071C + la‘"k — anl\ — 0 as
k,l — oo. Therefore (z"k) is a Cauchy sequence in E and its limit coincides with the limit of (a"k ), . Since E is closed,
x € E.

This problem is straightforward, yet tedious and long. I omit a solution.
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HW 6 (Posted Week 7, 10/15)

1. True or false: A sequence (a,,) converges if and only if any subsequence has a convergent
subsequence (corrected 10/26 3:00PM)

2. Find an example of a sequence (a,) such that limsup a,, = 0 but a,, < 0 for all n.
3. Prove that a sequence (a,) is bounded above if and only if lim sup,,_, . a, < co.
4. Prove liminf,, . a, = —limsup,,_, . (—a,).

5. Prove that limsup,,_, (a, +b,) < limsup,,_, ., a,+limsup,,_, . a, and find an example
for a strict inequality. Formulate and prove the corresponding statement for lim inf.

6. Find liminf, lim sup and lim if exists of the following:

(a) ap =2+ (-1)"

_ n243n+(=1)"(n—1)(n+2)
(b> n = n+1

(¢) (a,) any sequence containing all positive integer powers of %, each power appearing
only once (Corrected 12/02 8:48AM).

7. (*) Fekete’s Lemma.
Let (a,) be a sequence of positive numbers satisfying a,+m < a, + a,,. Prove that
limy, .o = = liminf, ., %= = inf{% : n € N}

8. Prove that lim, .., f(z) exists if and only if the left and right limit of f at z, exist
and are equal.

©w

(a) Let f: R — R be defined through

ﬂwz{leQ

0 otherwise.

Show that for all x, f has no limit at x.

(b) Let f:R — R defined through

= if z = B relatively prime p € Z, ¢ € N
flx) = !
0 otherwise

Find all points where f has a limit.

10. Let P and @ be polynomials. Let R(z) = g(x), defined for all  such that Q(z) # 0.

(=)
Using the arithmetic properties of limits, prove that R is continuous on its domain.

13



Solutions

10.

False. The direct implication is true, however the reverse is false. Any bounded sequence satisfies the condition, but not every bounded
sequence converges. This of course is just the principle. A concrete example is needed: let a,, = (—1)"™. Satisfies the condition because
it’s a bounded sequence but does not converge.

1

an = 7% — (14 (=1)")n. limsup,, _, o, an = 0, but ay, < — - Note lim infy,, oo ap = —oo (I chose this example because its a divergent

sequence).

=- Bounded above, then a,, < M for some finite M. Therefore limsup,, ., < sup{ar : k> n} < M < co.
<. Suppose limsup,, _, o, anp = M < co. Then for some N, sup{ay : k > N} < M + 1 and so for all n: ap, < M + 1+ max{|ay]|: k <
N} < oo.

ljlnliglof an = nli}moo inf{ag : k > n} = — nli)moo(f inf{ay : k > n}) = — nli}mQQ sup{—ay : k > n} = — li;n‘)s:op(fan).

Let (ny) be a subsequence such that limg_, o (an, + bn,) = limsup,, . (an + bn). Fix € > 0. Let K be such that for k > K,
any < limsup,, o an + €/2, b"k < limsupy_, o bn + €/2. Then for those k,

any, + b"k < limsup an, + limsup by, + €.
n—oo n— oo

The left-hand side converges to lim sup,, _, o (an + by ) and € is arbitrary. Take a,, = (—1)" and b, = —(—1)". Then for all n, an +by, =0
while lim sup,, , ., an = limsup,, _,,, bn =1
(a) limsup,, o an =1, liminf, o ap = —1.

(b) Split to even and odd.

2
. _ 2n“44n—2
Even n: a, = TLG1 . —ocasn — oo
. _ 2n=2 as
Odd n: an = T — 2 as n — oo.

Thus limsup = oo, liminf = 2.

(c) Let € > 0. Let N(e) be such that for all n > N(e), ap < €. This is possible because there are finitely many elements in the

sequence bigger or equal to €. Let m > N as well. Then |apn — am| < max{an,am} < €.
Summary: limy— oo an = 0.

There is no loss of generality defining ag = 0, as it does not alter the hypothesis. First some observations. Note that by the assumption
we have apym < an + am and by simple induction, apy, < kam and so apy4y < kam + a;. Clearly ap < maj, so the sequence
a2n L 2an _ an

(an/m)$2_ is bounded (it’s bounded from below because the numbers are nonnegative). Also note that for all n € N, < s
2n 2n n

n=1
so inf{ay : n € N} =liminfy, o an.
Now the proof. Fix some € > 0. Let A = liminf,, QT" Let m be such that am/m < A+ e. Any n could be written as n = km + 1
where k is a nonnegative integer and I € {0,...,m — 1} (k is the integer part of n/m and ! is the remainder when dividing n by k or
I =n mod k). Now we have

an _ Gkm+l Skam+az§kam+£§A+e+
n km +1 km +1 km km k

max{a; :j < m}

Therefore when taking n — oo, also k — oo and the right-hand side goes to A 4+ € . Since € > 0 is arbitrary, this implies lim sup a—;k <
A =liminf, aT”, proving convergence.
Beautiful, right ?

= Trivial.
<« Let L denote the common limit. Fix € > 0. Then there exist 64 (¢),5_(e) > 0, such that for if x € E with 0 < z — xzg < 64 (¢) then
|[f(z) — L] < e and if x € E, with 0 < 29 —x < §_(¢), |f(z) — L| < €. Set §(e) = max(d4,d_)m and the result follows.

(a) Both rationals and irrationals are dense in R. In particular for every xg € R there exists a sequence of rationals converging to g
and a sequence of irrationals converging to it. The limit of f along the first is 1 while the limit along the other is 0. Thus, limit
(along all sequences) does not exist.

(b) The function f has a limit at all points. However it continuous only irrational points and 0. Let’s prove that.

Indeed, let 9 € R and let (an) be any sequence converging to zg. If (ank) is a subsequence of irrationals converging to zg,
then for each m € N there exists some ! € Z such that for all k sufficiently large an, ,zo € [I/m!, (I + 1)/m!). This interval
does not contain any rationals in reduced form with denominator less than or equal to m, except, possibly for the number O
(why ?). Therefore, the denominator of any, in reduced form is bounded below by m. Since m is arbitrary, this proved that the
denominator of an,, converges to co as k — oco. Consequently f(ank) — 0 as k — oo. Finally for all n such that a,, is irrational,
f(an) = 0. Therefore f(an) — 0 as n — oo. This proves that the limit exists and is equal to 0. Since f(xzg) = 0 if and only if
xg is irrational or zg = 0, it follows that f is continuous on the irrationals and 0.

Use sequences.
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HW 7 (Posted Week 8, 10/22)

Section 3.2:9,10
Section 3.3:3,4,5,7,8,10
Section 3.4:1,4,5

Solutions

3.2:9

3.2:10

3.3:3

3.3:4

3.3:5

3.3:7

3.3:8

3.3:10

3.4:1

3.4:5

Assume f(q) = 0 for all rational ¢ € [0, 1]. Then since for each a € [0, 1] there exists a sequence of rationals converging to a, it follows
that f(a) = 0. The converse is trivial.

Let ap = f(n) — f(n — 1). Then ap, — L. Fix ¢ > 0 and let N be such that |a, — L| < € for n > N. Then for all n > N we have
f(n)=f(N—-1)+an + -+ apn. Therefore

f(n) JIN-1) (ay—-L)+...(an—L) ((n=N+1)-n) [f(n=D] n-N+1 (N +1)[L]
|—= —L|=| + - + Ll < + <+ < 2,
n n n n n n n
if n is sufficiently large. This completes the proof.
This is the extreme value theorem, because | - | is continuous and so |f| is a composition of continuous functions, hence continuos.

Let € = (M — f(a))/2. Then by continuity, there exists some §(e) > 0 such that whenever |y — a| < §, |[f(y) — f(a)|] < e. In particular
fy) < fla) +e< fla)/2+ M/2 < M.

Let f(z) =1 if z € Q and O otherwise, and let g = 1 — f. This works both for sum and product: f+ g =1 and fg = 0.

(a) g = (f + g) — f, therefore it follows from arithmetic. (b) Similarly, g = (fg)/f. Therefore g is continuous if fg is continuous and
F(a) # 0.

(a) f(2z) = f(z) + f(z) and continue by induction to show that f(nz) = nf(z) for all x € R and n € N. In particular f(0) = f(2-0) =
f(0) + £(0). Therefore f(0) = 0. Thus, 0 = f(0) = f(z + (—=)) = f(z) + f(—=). Therefore f(—z) = —f(x). In particular, for n € N,
f(—nz) = nf(—2) = —nf(@).

(b) Write ¢ = n/m,n € Z,m € N. Then mf(qz) = f(mgz) = f(nz) = nf(x). Therefore f(qz) = n/mf(x) = qf(x). In particular
F(@) = af (1)

() |f(z) — f(a)| = |f(x—a+a)— f(a—a+a)| = |f(z—a)— f(0)]. Therefore f is continuous at 0 if and only f is uniformly continuous.
(d) By part (b) f(z) = limgeq,q—z ¢f(1) = zf(1). Therefore f(z) = zf(1). Clearly, m = f(1).

Let m = inf{f(z) : © € R}. Let (x5, ) be a sequence such that f(z,) — m as n — oco. By assumption, there exists some N > 0 such that
for all |z| > N, f(z) > m + 1. Therefore, (z,) is bounded. In particular, it has a convergent subsequence, and the result follows from
continuity.

(a) |23 —y3| = |z — y||2? + oy + y?| < | — y|3. Therefore letting § = ¢/3 does the work. (b) |22 — 2 — (y2 —y)| < |22 — 2|+ |z —y| =
|z — yllz + y| + |z — y| < 3|z — y|. Same § as above. (¢) |zsin(2z) — ysin(2y)| = |(z — y) sin 2z + y(sin 2z — sin 2y)|. Use the fact that
| sina — sin 8| < |a — B| to conclude with 6 = ¢/5.

Fix e. There exists M > 0 such that for ,y > M, |f(xz) — f(y)|
x,y € [0, M] and | —y| < é then |f(x) — f(y)|e. Finally, if x < M
Thus for all |z — y| < 6, |f(z) — f(y)| < 2e.

Since f is continuous on [0, M], there exists § > 0 such that if

< e.
and y > M, then [f(z) — f(y)| < |f (@) = fF(M)|+ |f(M) — f(y)| < 2e.
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HW 8 (Posted Week 9,10/29)

Section 4.1:2,3,4,5,6,7
Section 4.2:2,7.8

1. (*) A function f is non-decreasing if whenever z < y, f(z) < f(y). Prove that a
non-decreasing function is continuous, possibly except a countable number of points.

exists for all z.

2. Assume that the limit lim;_.q W

(a) Assume that f is differentiable. Identify the limit.
(b) Does the limit imply that f is differentiable ? Continuous ?

Solutions

4.1:2 We work under the assumption that for 8 > 0, the function \:c\’@ is continuos, and its value at « = 0 is 0. Clearly f(0) = 0 (squeeze).
Therefore |%| < |z|*"! — 0 as * — 0. Hence the derivative exists and is equal to 0. The function |z| is not differentiable at 0.
Left derivative —1 and right derivative +1.

4.1:3 (a) This is obvious from the definition (b) Derivative when computing limit from the left is negative and when computing from the right
is positive. Therefore limit must be zero. (c) Identical, with opposite signs. (d) f(z) = z°

4.1:4 Note that |sinz| < |z|. Therefore sin continuous at 0. Since cosz = 1 — 2sin?(z/2) it follows that cos is continuous at 0. Now
sin(z + h) = sinz cos h + coszsin h. Thus, limj,_,g sin(z + h) = sinz cos0 + coszsinh = sinz (we’ve used the continuity of sin, cos at
0). Therefore sin is continuous everywhere. Same half-angle identity implies cos is continuous everywhere. We only do the first limit.
Second follows from half angle identity. Since sin and z are anti-symmetric, it is sufficient to consider z > 0. Now sinz/z < 1, but also
sinz/x > cosz — 1 as z — 0. This completes the proof. In particular, sin is differentiable at 0. Consequently, cos is differentiable at 0.
Finally, use the formula for sin(z 4 h) to conclude that sin is differentiable at any = (it reduces to differentiability at 0). You know what
to do for cos. Write the explicit expression to finish up.

4.1:5 limg .y f(z) — f(y) = limg 4 f(x/y) = limy,_,q f(h), if at least one of the limits exists. Therefore f is continuous at y if the limit

exist and is equal to 0, which is equivalent to the statement that f is continuous at 0. As for differentiablity f(ll:iﬂ’) = fgf(g;)yifl()l) .

’
Therefore f is differentiable at y if and only if it is differentiable at 0 and then f'(y) = fT(l)

4.1:6 (a) We did this in class. (b) Use something a little more advanced. The function f(z) = z™ is strictly increasing and its inverse is
g(y) = yl/". Therefore, apply the theorem on derivative of inverse function to conclude.

4.1:7 Continuity is by squeeze (see comment on [4.1:2] above. Differentiate by definition an apply squeeze to conclude that the derivative is 0.
4.2:2 Too easy, I hope.
4.2:7 Use induction, starting with n = 2.

4.2:8 Conclude this from [4.1:6], and the composition (zl/”)m.

1. It’s in the book.

2. (a) If differentiable then f(w+h)_f(m)-gibf(m)_f(ac_h’)) = ﬁ(f(ac + h) — f(z)) + %zh(f(x — h) — f(«)) so the limit is f'(z).
(b) No. Take f(x) = || with = 0. Then f(h) — f(—h) = 0 so limit exists and is equal to 0, but f is not differentiable at 0. Even worse,
take same function and change it at 0 to be equal to 1. It’s not even continuous. Still, the limit exists.
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HW 9 (Posted Week 10, 11/06)

Section 4.3:5-12
Section 4.4:1(a)(b),2,5a-¢,6,7,9%,10%.

Also:

Suppose f is differentiable everywhere. Show that if f’ has no jump discontinuities.

Solutions

4.3:5

4.3:6

4.3:7

4.3:9

4.3:10

4.3:11

4.3:12

4.4:1

4.4:2

4.4:5

4.4:6

4.4:7

4.4:9

4.4:10

(a) By Mean Value Theorem, f(z) — £(0) = f'(c)(x — 0) = 0. (b) [f(2)| — |F(0)] < [f(z) = £(O)] = |f'()l[¢] < |a|. Therefore,
1f(@) <1+ lal.

Midterm II problem 5(b)
0 < f(c) — f(a) = f'(z2)(c — a), thus f/(xz2) > 0. Similarly, 0 > f(b) — f(c) = f'(z1)(b — ¢) and so f'(xz1) < 0.

f(x3) — f(z2) = f'(c2)(w3 — @2) so f'(c2) > 0. Similarly, f(z2) — f(z1) = f'(c1)(z2 — @ — 1) so f'(c1) < 0. Note ¢; < @3 < ca.
Therefore f'(ca) — f'(c1) = f"/(¢)(c2 — ¢1) hence f'/(¢) > 0.

> n) _ f'(cn), for some ¢, € (n,2n). The limit on the left-hand side as n — oo is 0 and is equal to the limit on the right hand
side, which coincides with L.

F(2n)—£(
KL

Use the hint.

f(sup E) > f(x) for all x € E, and the inequality is preserved when taking sup on the right hand side. But there exists a sequence (z,)
in E converging to sup E and by continuity f(sup E) = limp o f(zn) < supgeg f(2).

(a) Since f has a local maximum at zg and is differentiable, f’(xg) = 0. Since its a proper maximum, for each § > 0, one can find
a < zg < b such that b — a < § and so f(a) < f(zp) and f(b) < f(zo). Apply the mean value theorem to the intervals [a, zg] to obtain
z1 and [z, b] to obtain z5. (b) —f has a proper local maximum.

(a) f'(z) = 322 4 2ax + 3. Thus f'(1) = 3+ 2a + 3 = 6 + 2a > 0 if and only if a > —3. (b) f’(z) = 2az + 3. Now f(1) = 2a + 3 and
f(2) = 4a + 3. In order to be strictly increasing we want the derivative to be positive on (1, 2) which is equivalent to the requirement
min(2a + 3,4a + 3) > 0, or min(2a, 4a) > —3. This obviously holds when a > 0. Otherwise, we need 4a > —3 or a > —3/4.

a1 (b) Same idea, answer is e L. (c) Use product rule for derivatives to show this is equal to

—1y/ — 1 — 1 —
@ G = ey = 7o S
11 —+ e lo=n"1.

(a) Observe that either f'(z) > 0 for all ¢ € (a,b) or f'(z) < O for all = € (a,b). Indeed, if there exist 1 and z such that
f'(#1) < 0 < f'(x2), then by Intermediate Value Theorem f’(zg) = 0 for some (g, which contradicts the assumption. Without
loss of generality, assume f’(xz) > 0. Now by Mean Value Theorem for all y > =, f(y) — f(z) = f'(c)(y —x) > 0, so f is 1-1. Let
d = supye(q,p) f(@) =limy_p f(z) and let ¢ = inf, ¢ (4,p) f(2) = limz—q f(z). Then by Intermediate Value Theorem f attains
all values in (c,d). It does not attain c or d, because it is strictly increasing. Indeed if f(zg) = c for some z € (a,b), then the
definition of ¢ and the monotonicity of f imply f(z) = c for all « € (a, o), violating the assumption that f’(z) > 0.

—1y7 _ 1
(b) (f )(y)—m-

denominator does not vanish and hence the function on the left-hand side is continuous.

The denominator is a composition of continuous functions and is then continuous. Since f'(x) # 0, the

(c) f71 = 21/3 and for x # 0, (ffl)/(ac) = %172/3, which has a type 2 discontinuity at 0.

Restated, we are interesting in functions such that f’(z) = %@, or (f'(z))? = a. Thus, either f'(z) = /a for all  or f'(z) = —v/a
for all z. So all possible solutions are f(z) = £az + C.

(a) Use problem 4.4:5. (b) By continuity there exists some open interval I around xg where f’ does not vanish. The result follows from
problem 5(a)(b).

If not strictly monotone, one can find #1 < z2 < x3 such that f/(z1) < f’(z2) but f'(x2) > f’'(z3) (or with inequalities reversed). By
Intermediate Value Theorem for the derivative this implies that there exist 1 < y1 <2< y2 < x3 such that f'(y1) = f’(y2), violating
the assumption.

On one hand a monotone function may have only jump discontinuities., while on the other hand, f’ cannot have such discontinuities
because of the Intermediate Value Theorem for the derivatives.

Last problem follows directly from the Intermediate Value Theorem for derivatives.

17



Midterm IT (Week 11, 11/12)

1. (a) Define the term: f is a continuous function on R.
(b) State the Intermediate Value Theorem (NOT Mean Value Theorem).

2. (Limits of Sequences) Prove that limsup,,_, . (a,+b,) < limsup,,_, . a,+limsup,,_, . by,
whenever right-hand side is defined.

3. (Continuity) Consider the function

S

x =28 peZand q €N are relatively prime;
f(x) I
xr) =
0

otherwise.

Prove that f is continuous at xy if and only if 25 = 0 or xg is irrational.

4. (Differentiability) Use the definition of differentiability to prove that if f is differen-
tiable on R and f(zg) # 0, then g(z) = ﬁ is differentiable at x,. Express the
derivative in terms of f(zo) and f'(zo).

5. (a) (Intermediate Value) Suppose that f : [0,1] — R is a continuous function satis-
fying f(x) € [0, 1] for all z € [0,1]. Prove that there exists some zy € [0, 1] such
that f(z¢) = xo.

(b) (Mean Value) Prove that if f is differentiable and its derivative is bounded (from
above and below) then f is uniformly continuous.

6. Determine whether the each of the following is true or false. If true, prove. If false,
find a counterexample.

(a) If f is uniformly continuous on R then f is bounded.
(b) If f is uniformly continuous on (0, 1), then f is bounded on (0, 1).
c

)
)
()
(d) If lim, o (an+1 — a,) = 0 then (a,) is Cauchy.
)
)

If f is continuous on R and f(x) € Q for all x, then f is a constant function.

e) If (a,) is non-increasing then lim sup,,_, @, = inf{a, : n € N}.

(
(f) If (a,) is a sequence containing all positive powers of %, each power appearing

only once, then (a,) converges to 0.

BONUS. Let (a,) be a bounded sequence of nonnegative numbers. Suppose that lim sup,, . (a,+

1y - 1
o) = limsup,,_ a, + limsup,_,, 7. Prove that (a,) converges.

18



Solutions

1. Book, notebook, etc.

2. HWS6, problem 5.

3. HWS6, problem 9(b).

1 1
4 f(woJrh;; JGo) _ fro)—fzoth) _ _ f'(zq)

5. (a)

(b)

6. (a)
(b)
(©)

(d)
(e)
()

Flzo+h)f(zo)h F2(xg) "
Let g(z) = f(x) — . Then g(0) > 0 and g(1) < 0. Therefore by the Intermediate Value Theorem, g(zg) = 0 for some xzg.

Let M = sup, |f’(z)|+1. By Mean Value Theorem |f(y)— f(z)| = | f'(u)||y—z| for some u between y, x. Therefore |f(y)— f(z)| <
M|y — x|. Now choose § = ¢/M and then whenever |y — z| < 6, |f(y) — f(z)| < e.

FALSE. f(z) = =.

TRUE. By the Extension Theorem f could be extended to a continuous function on [0, 1]. The latter is bounded, so f is.

TRUE. If f attains two distinct values gg and g1, then by the Intermediate Value Theorem it must attain all values between
them. Those include irrationals, and this violates the assumption.

FALSE. apn = /7. Indeed limy oo an = 00, yet ay 41 — an — 0 (check).
TRUE, because (ay ) converges in the extended sense. In particular, limsup,, , . an = liminfygeo an = infy, ap .

TRUE. HW6 problem 6(c).

BONUS. Take a subsequence (ank) attaining the limsup on the left-hand side. Without loss of generality, we may assume (by further ex-

tracting sub-subsequences) that also (a"k)’ and converges. This implies ﬁ converges. Each of these limits is bounded above by the
"k

corresponding lim sup for the full sequence (terms on the right-hand side). Thus the sum of these limits is bounded above by the right-hand

side. Yet it is equal to the left-hand side, which it turn implies it is equal to the right-hand side. It follows that limy_, oo Qny, = lim sup,, oo an,

1

limy o0 m

= limsup,, _, o Tlan' But the last expression is equal to . Therefore the limit of Any, is equal to both lim sup,, , . an

1
1+liminf ap

and lim inf,,_, o an, so they are the same, proving convergence.
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HW 10 (Posted Week 12, 11/18)

Submit your solutions to the boxed problems by the end of the lecture on Thursday, 12/03.

The assignment will be graded. The grade will replace Quiz 6, which was canceled.

Sec. 5.1: 3[4][5],8

1.

Let f : [a,b] — R. Define the positive part of f, fi, by letting f(z) = max{f(x),0}.
Similarly, define the negative part of f, f_, by letting f_(z) = max{—f(z),0}. Prove
that f is integrable on [a,b] if and only if f, and f_ is integrable on [a,b] and then
fab fdx = f: frdr — fab f_dz. (correction, 12/01 5:11PM)

Prove by using the definition that the function f(x) = z is integrable on [a,b]. Use
this method to calculate the integral.

You may want to use the identity 1 +2+---+ (n—1) =n(n—1)/2.

Solutions

5.1:3

w
—
w

5.1:8

Fix some large N. Choose a partition which includes zg = 0,21 = % and z, = 1, and in between every %, k =1,...,N is contained
in an interval in the partition of length < ﬁlj It follows that L(f, P) = 0 and U(f, P) < % + Nﬁlg — 0 as N — oo. Therefore

fol f(z)dxz = 0.

(a) |f| is continuous and non-negative. By assumption f(zg) # 0 and continuity, there exists a non-degenerate interval over which
|f|(z) > € for e = |f|(xp)/2. Taking any partition which contains this interval, we obtain L(f, P) > 0 for that partition and so the lower
Riemann sum, the supremum of L(f, P) over all partitions is > 0. (b) If f = 0, then |f| = 0 and so its integral is 0. Conversely, apply
part (a).

(c) No.fi1 zdz =0< 1= fil |z|dx.

Ji F@)de = [2 f(z)dx — faf f(z)dz = 0. Since right-hand side is always 0, the integral of f over any interval [d, €] C [a, b] is 0. Assume
now f is non-zero for some zg. Then it remains such over some interval [d, e], but then its integral over this interval is non-zero, a
contradiction.

Without loss of generality, assume f is non-decreasing. Then 0 < (M; — mj)(z; —zj_1) < (M; — m;)||P||. Summing over all j’s, we

observe L(f, P) — U(f,P) < (f(b) — f(a))||P||. By letting || P| < m, one integrability follows.

Let P be any partition. and let M7i s 'm7i denote the sup and inf of f4 on the j’th interval of the partition, respectively. Now by definition

M]i < M| and m]i > |mj|. Therefore \Mj' — mj'| < [Mj| — |mj| < |[M; — mj|. Thus, fi is integrable if f is. Similarly, f_ is
integrable if f is. Conversely, if f; and f_ are integrable, then f = f, — f_ is integrable. Thus f is integrable if and only if fi, f_ are.

Choose the partition zp = k/n and estimate the resulting lower, upper sums.
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HW 11 (Posted Week 14, 12/03)

Section 5.2:3,5,8.

Section 5.3: 1,3,4(e)
Section 6.1:2(b)(c),4,5,6,10
Section 6.2:1,2,3

1. Complete the proof of the theorem on properties of the Riemann integral (sum of inte-
grable functions, multiplication by a constant, monotonicity, absolute value, splitting
an interval).

2. Show that the function In z defined in class is unbounded from above and below.

Solutions
5.2:3 Let M be the supremum of f over [0,1]. Then n® fo r)dr < n°nPM — 0
as n — oo. Similarly, let m denote the infimum of f over [0 1] and to show that
n fo x)dx > n*" Pm — 0.

525 () Lot M = sup,ciy |£()]: Now [£g,1(@) < Mon(@), s0 U(fgu. P) < MU(g,, P) —
0. But also U(—fg,, P) = —L(fgn, P) satisfies this inequality (by replacing f with
—f). Therefore L(f, P) > MU(gn,P) — 0.
(b) Take g, = 2™ and recall fo z"dxr =

+1

5.2:8 (a) The second inequality is trivial. We only prove the first. Find a nondegenerate
interval where |f|(x) > M — e, which exists due to continuity of f.
(b) Take p-th root in (a) and recall that 2'/? — 1 for all z > 0. Then the result follows

from the squeeze.
5.3:1 That you should know.

5.3:3 (a) 20 f(x?) (b) h(t) + sinth(cost) (¢) [, g(z — t)dx = fftg(x)dx. Now differentiate.
The derivative is then ¢'(— ) (d) Integrate by parts.

6

! 1 1 ! 1 ! 6 1 1
2 de = — - — 2.1 dr = 5 a®
/0 X f(l’) X f(l) /0 x f ($) X f(l) /0 x’e” dr = —f(l) — =€

Now complete the details.

1/n
that lim, o g(z) = £1In(1 + x)[,—0 = 1. Therefore lim, .oo(1 + 1)" = lim, o ™ =
elimn—coan — el hecause e is a continuous function.

6.1:2 (b) Yoo (—2)f +43 2 (2 =2+ B =141
(e) 72202, (3/ 1) =

5.3:4(e) Let a, = In(1 + 2)) = I+3) et g(x) = In(1 4+ z)/z. Then a,, = g(1/n). Note
d



6.2:4

6.1:5
6.1:6

6.1:10

6.2:1

6.2:2

For x # 0, (2% — 2F 1) (2% + 2*71) = 22*(1 — 272). Therefore convergence if and only
if |z| < 1.

(a) ar — 1 (b) a, — —e (take logarithm) (c) ax/(1/k) — 1

Convergence of series is by definition convergence of the sequence of partial sums. A
convergent sequence is bounded. Converse is false: aj, = (—1)*. Partial sums alternate
between —1 and 0.

Let € > 0. Choose N large such that ) 7V ax/k < e. Then limsup; > k= 1%a/(j+
k) = lim; o chvzl a/(j +k)+e=e

a) Limit comparison with >- 7.

(b) Same with Y 27

(c) Use Ink/k¢ — 0 as k — oco. Therefore limit comparison with Y k77 for e < p—1.
(d) Limit comparison with >~ 37

(e) Same with " k~¢. (f) Same with Y k72

(a)-(c) Limit comparison with > k71,

(d) Condensation test as done in class.

6.2:3 p > 1 by condensation test as done in class.
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