
Probabilistic Approach to Perron Root, the Group Inverse, and

Applications

Iddo Ben-Ari∗

iddo.ben-ari@uconn.edu
Department of Mathematics
University of Connecticut

196 Auditorium Rd.
Storrs, CT 06269-3009

Michael Neumann

Abstract

A probabilistic approach to the study of the Perron root of irreducible nonnegative matrices
is presented. Our two main results are a probabilistic representation for the generalized inverse
of the generator of a continuous–time finite–state Markov chain and the identification of the
Hessian of the Perron root of a nonnegative irreducible matrix, with respect to a certain nat-
ural transformation of its entries, as a covariance matrix for additive functionals for a related
Markov chain. These provide us with a natural approach – at least from the point of view of
the probabilist – to study positivity and convexity properties of perturbations to the Perron
eigenvalue. We focus on reestablishing and improving a number of known results in the field.
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1 Introduction

The Perron root of nonnegative and irreducible matrices is one of the fundamentally important
objects of the theory of nonnegative matrices. This is mostly due to the fact that the Perron root
determines the leading term in large time asymptotic behavior of linear evolution systems.

In this paper we study the dependence of the Perron root on the entries of the matrix. Our
approach is probabilistic and is obtained by relating the matrices in question to a corresponding
Markov chain. We focus on aspects where the probabilistic approach is most natural. Our first
main result, Theorem 1, and its discrete–time version, Theorem 2, provides a probabilistic formula
for the generalized inverse of of the generator of a continuous–time finite–state Markov chain and
for the generalized inverse for the transition matrix of a discrete–time chain minus the identity,
respectively. In each case, the formula differs from the ones known to us and which are usually used
∗I.B. would like to dedicate this paper to the memory of Michael Neumann, who passed away suddenly on April

21, 2011.
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by practitioners, because it contains a term involving a second moment of a random variable. The
existence of this term yields almost automatically a number of positivity results and inequalities.

Our second main result, Theorem 4, identifies the Hessian matrix of the Perron root for the
generator of a Markov chain, with respect to a certain transformation of the entries of the generator,
as a covariance matrix for additive functionals of the process, which is also the covariance matrix
in the central limit theorem for the joint distribution of the additive functionals of the chain, as we
show in Theorem 5. Since covariance matrices are positive semidefinite, this result leads directly
to convexity results. Since the Hessian has a representation in terms of the group inverse of the
generator due to Deutsch and Neumann [10, Theorem 3.2] (appearing here as Theorem 3), this
result also provides an analytical expression for the covariance in the central limit theorem. The
result has applications in probability theory when a tractable analytical expression for the covari-
ance is needed. As a first example, this relation has been recently applied by Ben Ari, Boushaba,
Matzavinos, and Roitershtein [2], who studied stochastic model for the motion of bi–peds.

Part of our motivation for examining even known results on the Perron root and vector and on
Markov chains is that there is a body of literature, particularly on the latter, which was created by
researchers in numerical and applied linear algebra to facilitate computations of quantities such as
the stationary probability distribution or the mean first passage matrices, especially for large scale
problems. In the course of developing such methods, results have been proven which may have in-
terest to general research on Markov chains, but have been left without a satisfactory probabilistic
interpretation of these results. This is an aspect which we have attempted to illuminate in this
paper.

Our results and proofs are given in the following sections where, as a general rule, we have left
the proofs to the end of each section. In Section 2 we present notation and conventions and recall
some basic facts from the theory of continuous–time Markov chains to be used later on. In Section
3 we derive probabilistic formulas for the group inverse. In Section 4 we link the group inverse with
perturbations to the Perron root. In the last section, Section 5, we present several applications to
the results and methods of the preceding sections.

2 Notation and Conventions

We begin with some general notational conventions to be used throughout the paper. We write
R+ for the set of nonnegative reals and Z+ for the set of nonnegative integers. We denote the
indicator function of a set A by 1A. That is 1A(x) = 1 or = 0 according to whether x ∈ A or
not. When A = {i}, we will simply write 1i instead of writing 1{i}, and write 1 for the constant
function 1(x) = 1 for all x. The standard unit vectors in Rn (or Cn) are denoted by e1, . . . , en.
We also denote the standard inner product on Rn (or Cn) by 〈·, ·〉. We will omit the dependence
of both the standard unit vectors and the standard inner product on the dimension of the space.
The latter will be always clear from the context. Furthermore, we will identify a linear operator
on Rn (or Cn) with its matrix representation with respect to the standard basis. That is, if A is
such an operator, the corresponding matrix (Ai,j)i,j=1,...,n is given by Ai,j = 〈Aej , ei〉. Conversely,
the operator A could be recovered from the matrix A, defining (A1j)(i) = Ai,j . Next we define the
notation of an h–transform also known as Doob transform. If T is a linear operator on Cn, and h
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is a positive function on Cn, then we let T h denote the linear operator given by (T h)f = 1
hT (hf).

That is T h is a diagonal change of basis and (T h)i,j = 1
h(i)Ti,jh(j).

Throughout the paper we fix a positive integer N . Let N = {1, . . . ,N}. Let E denote the set
of directed edges N ×N . That is, the elements in E are of the form (i, j), i, j ∈ N . We write Ed
for the subset of E consisting of all diagonal elements, that is elements of the form (i, i), i ∈ N . If
A is an N ×N matrix and e = (i, j) ∈ E , we write Ae for Ai,j .

We now present the probabilistic framework for the paper. For more details on the material in
this section and on Markov chains in general, we refer the reader to Aldous and Fill [1] and the
references cited therein. Below X := {X(t) : t ∈ R+} is an irreducible time–continuous Markov
chain on the state space N . We write Pi for the distribution of X conditioned on X(0) = i, for
i ∈ N , and denote the corresponding expectation operator by Ei. We recall that the paths of X
are piecewise–constant and are right–continuous Pi–almost surely, for all i ∈ N . The probabilistic
definition of irreducibility is that for all i, j ∈ N and t > 0, Pi(X(t) = j) > 0. The generator of X
is a linear operator A on CN defined through

(Af)(i) = lim
t↘0

1
t
Ei
(
f(X(t))− f(X(0))

)
=

d

dt+
Ei
(
f(X(t))

)∣∣
t=0

,

where and in what follows, d
dt+

denotes the right–derivative with respect to the variable t. Thus,
A is an N × N matrix whose entries are given by Ai,j = d

dt+
Pi(X(t) = j)|t=0. By the Markov

property, we have d
dt+

Pi(X(t) = j) = APi(X(t) = j), for all i, j ∈ N and t ∈ R+. Consequently,

Pi(X(t) = j) = (eAt1j)(i). (1)

Furthermore, A is an essentially nonnegative matrix, namely, its off–diagonal entries are nonnega-
tive, and it is irreducible. The irreducibility of a matrix A means that for each i 6= j, there exists
a k ∈ N such that Aki,j > 0, and is equivalent to the the irreducibility of X. It is well–known that
an essentially nonnegative and irreducible zero row–sum matrix is a generator of an irreducible
Markov chain on N . For each i ∈ N , set Ai :=

∑
j 6=iAi,j . Of course, Ai > 0 by the irreducibility

assumption. The times spent during each visit to i form a sequence of independent identically
distributed exponential random variables with parameter Ai. A consequence of irreducibility is the
existence of a unique invariant probability distribution for X, π. That is π is the unique probability
vector in RN such that

∑
i πiPi(X(t) = j) = πj , or equivalently Atπ = 0. For j ∈ N , let

σj = inf
{
t > 0 : X(t−) 6= j, X(t) = j

}
denote the first entrance time of X to j (or the strictly positive reentrance time when X(0) = j).
Then the invariant distribution, jump rates, and the expected return times are related by the
following formula:

πj =
1

AjEj(σj)
. (2)

Under Pj , the time spent at j up to σj is equal to the time of the first jump from j, which, as
explained above is exponentially distributed with expectation valued equal to 1

Aj
. Thus, (2) is the

statement that πj is the proportion of the average time spent at j before σj .
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3 Group Inverse – Probabilistic Representation

Since A is the generator of an irreducible Markov chain, its Perron root, which equals 0, is simple
and its nullspace is spanned by 1. Let V0 = {v ∈ CN : 〈v, π〉 = 0}. Note that dimV0 = N − 1.
Clearly AV0 ⊂ V0, as Atπ = 0. Since V0∩Span{1} = {0}, we conclude that CN could be written as
the direct sum of two A–invariant subspaces: CN = Span{1}⊕V0. Clearly, the restriction (−A)|V0

is invertible. Denote its inverse by A# and extend A# to CN by letting A#1 = 0. The matrix A#

is known in the literature as the group inverse of −A, [4], [5, pp. 118], and [6], as it satisfies the
matrix equations:

A# = A#(−A)A#, (−A)A#(−A) = (−A), and A#A = AA#.

It is important to note that here A# is taken as the generalized inverse of −A and not of A itself as
is customary in much of the literature. Since the spectrum of A|V0 has only elements with strictly
negative real part, it follows that

A#|V0 =
∫ ∞

0
eA|V0

tdt.

Now let v → v⊥ denote the projection to V0 along Span{1} defined through v⊥ = v−〈v, π〉1. Since
v = v⊥ + 〈v, π〉1,

A#v = A#v⊥ =
∫ ∞

0
eAt(v − 〈v, π〉1)dt =

∫ ∞
0

eAt (v − 〈v, π〉1) dt.

The following proposition then follows directly from this identity applied to v = 1j and (1).

Proposition 1.

A#
i,j =

∫ ∞
0

(Pi(X(t) = j)− πj) dt. (3)

This proposition is known, see Aldous and Fill [1]. This expression does not seem to provide
an easy way of studying the analytic properties of A#. We comment that the expression in (3)
has the following discrete–time analog, and for more details we refer the reader to Meyer [27] and
Kemeny and Snell [20]. Let P denote the transition matrix of an irreducible and aperiodic Markov
chain and let π denote its invariant probability distribution. Recall that the fundamental matrix
Z may be defined as

Zi,j = δi,j +
∞∑
k=1

(
P ki,j − πj

)
.

Then A#, the generalized inverse of −A, where A = P − I is related to the fundamental matrix by
the relation:

A#
i,j = Zi,j − πj .

Below we present two alternatives to Proposition 1 of probabilistic nature. The first should
be viewed as a generalization of the relation (2), because it describes A# in terms of proportions
of times spent at sites. The second representation for A# is in terms of expectations of first and
second moments of hitting times. The existence of second moments plays a key role in proving
some of the results that will follow and is in our opinion the main contribution of this formula.
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To present the first formula, we need some notation. Let U be a random variable distributed
according to π. There is no loss of generality assuming that X and U are defined on the same
probability space and are independent. Set T = σU , that is T is the first time a site, randomly
chosen according to π, is hit. Let

Ni,j(t) =

{∫ t
0 1i(X(s))ds, i = j,

#{s > 0 : X(s−) = i, X(s) = j}, i 6= j.
(4)

That is, Ni,i(t) is the occupation time of X at i up to time t and Ni,j(t), i 6= j, is the number of
jumps from from i to j, up to time t. We are ready to state the result:

Proposition 2.

A#
i,j = Ei(Nj,j(T ))− πjEi(T ) = Ei(T )

(
Ei(Nj,j(T ))
Ei(T )

− πj
)
.

The derivation of this result from Proposition 1 is intuitively clear. The choice of the random
time T guarantees that X(T ) is distributed according to π. Therefore by the strong Markov
property, X(T + s) is distributed according to π, for all s ∈ R+. Formally, one observes that the
integrand in (3) vanishes for t ≥ T , which allows to replace the time integral over the infinite
interval [0,∞) with an integral over a finite interval [0, T ], leading to the formula in Proposition 2.
We now present a second probabilistic representation for A#:

Theorem 1. For all i, j ∈ N ,

A#
i,j =

1
Aj

(
Ej(σ2

j )
2(Ej(σj))2

− 1
AjEj(σj)

− 1i 6=j
Ei(σj)
Ej(σj)

)
.

Since (A#)tπ = 0, it follows from the theorem that for all j ∈ N

Ej(σ2
j )

2Aj(Ej(σj))2
− 1
A2
jEj(σj)

=
∑
k 6=j

πkEk(σj)
AjEj(σj)

= πj
∑
k 6=j

πkEk(σj).

Combining this with (2) allows to eliminate the second moment term in Theorem 1 to obtain:

Corollary 1. A#
i,j = πj

(∑
k 6=j πkEk(σj)− 1i 6=jEi(σj)

)
.

The discrete analog to this result is [27, Equation 3.6]. However, we already mentioned above,
we will show that the second moment term is useful.

Since much of the study in the literature is on discrete–time Markov chains, obtaining a discrete–
time version of Proposition 2 and Theorem 1 may be of interest. Since we focus on the consequences
of the existence of the second moment term, we will restrict the discussion here to the discrete–time
version of Theorem 1.

Let P be the transition matrix of an irreducible Markov chain Y := {Yn : n ∈ Z+} on N . Then
A = P − I is the generator of an irreducible continuous–time Markov chain X. Note that X and Y
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share the same invariant probability distribution. Furthermore, Aj = 1− Pj,j ∈ (0, 1]. For j ∈ N ,
define the discrete entrance time to j by letting

τj = min{n ∈ Z+\{0} : Yn = j}.

Note that if Y0 = j, then τj is the time until first return to j and is therefore not less than 1. We
recall that πj = 1

Ej(τj)
, a fact that will frequently be used in the sequel.

Theorem 2. Let A = P − I. Then

A#
i,j =

1
2

(
Ej(τ2

j )
(Ej(τj))2

− 1
Ej(τj)

)
− 1i 6=jEi(τj)πj . (5)

As an immediate corollary to Theorem 2 we obtain the discrete analog of Corollary 1 by replac-
ing all occurrences of σj with τj . The proof is identical to the proof in the continuous setting.

We now briefly discuss some estimates on the terms appearing in (5). We begin with the
expression Ei(τj)πj appearing in the off–diagonal entry A#

i,j . Conditioning on the first step, we
obtain that Ej(τj) = 1 +

∑
l 6=j Pj,lEl(τj). On rewriting this as

Ej(τj)− 1
1− Pj,j

=
∑
l 6=j

Pj,l
1− Pj,j

El(τj),

and multiplying both sides by πj , we arrive at the inequalities:

min
l 6=j

El(τj)πj ≤
1− πj

1− Pj,j
≤ max

l 6=j
El(τj)πj .

Note that 1 − πj ≤ 1−πj
1−Pj,j and therefore maxj(1 − πj) ≤ maxj maxl 6=j El(τj)πj . But the left–hand

side is equal to 1 −minj πj ≥ 1 − 1
N , so 1 − 1

N ≤ maxj maxl 6=j El(τj)πj . This inequality and the
characterization of the chains attaining it were obtained by Kirkland in [23].

We turn to a discussion on the diagonal terms A#
j,j . Our estimates rely on the existence of the

second moment term in (5). We have that

Ej(τ2
j )

(Ej(τj))2
− 1
Ej(τj)

= Ej

(
τj

Ej(τj)
− 1
)2

+ 1− 1
Ej(τj)

The first term on the right–hand side is positive and is bounded below by Ej

(
11(τj)

(
τj
Ejτj
− 1
)2
)

,

with equality holding if and only if Pj,j = 1, or Pj,j = 0 and τj is Pj–almost surely a constant. The
former case violates irreducibility and will be discarded. We then have that

Ej(τ2
j )

(Ej(τj))2
− 1
Ej(τj)

≥ Pj,j(1− πj)2 + (1− πj) = (1− πj) (1 + Pj,j(1− πj)) .

Substituting this into (5), we arrive to the following corollary:
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Corollary 2.

A#
j,j ≥

1
2

(1− πj) (1 + Pj,j(1− πj)) .

Furthermore, an equality holds if and only if τj is a constant Pj–almost surely. In this case Pi,i = 0,
for all i ∈ N .

The last claim in the corollary follows from the simple fact that due to the irreducibility con-
dition, Pj(σi < σj) > 0 for all i 6= j. Therefore if Pi,i > 0 for some i, we can force the chain to
pass through i and stay at i for an arbitrary number of steps before returning to j. Thus τj attains
infinitely many values, each with positive Pj–probability.

We also comment that Corollary 6 in Section 4, which provides a lower bound on the second–
order derivatives of the Perron eigenvalue, is proved exactly in the same manner.

Recall that

Ej(τ2
j ) =

∫ ∞
0

Pj(τj > k)2kdk =
∞∑
k=0

Pj(τj > k)(2k + 1) = Ej(τj) + 2
∞∑
k=0

Pj(τj > k)k.

Now let mj := mini 6=j(1− Pij) = 1−maxi 6=j Pi,j . Then, for all l ≥ 1,

Pj(τj > l) ≥ [1− Pj(τj = 1)]ml−1
j ,

and so
∞∑
k=0

Pj(τj > k)k ≥ 1− Pj,j
(1−mj)2

=
1− Pj,j

maxi 6=j(Pi,j)2
.

Summarizing, we have proved that:

Corollary 3.

A#
j,j ≥ (1− Pj,j)

π2
j

maxi 6=j(Pi,j)2
.

It is tempting to compare the lower estimates for A#
j,j given in Corollary 2 with the one in

Corollary 3. In many numerical examples the values that one obtains for Corollary 2 are higher
than the corresponding ones for Corollary 3, but it is by no means universally so. As an example
we give the transition matrix:

T =


0.1667 0.4692 0.1838 0.1803
0.365 0.1355 0.2542 0.2453
0.2724 0.3802 0.0360 0.3114
0.3638 0.5382 0.0364 0.0616

 .

For A = I−T , (A#
1,1, A

#
2,2, A

#
3,3, A

#
4,4) = (0.8333, 0.8645, 0.9640, 0.9384). The corresponding lower es-

timates the diagonal entries ofA# produced via Corollary 2 are given by: (0.3956, 0.3526, 0.4348, 0.4198),
while the corresponding lower estimates for the diagonal entries of A# produced via Corollary 3
are given by (0.2459, 0.3692, 0.0810, 0.1294).
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Next we discuss the Kemeny constant. Let

K̃ := Tr(A#) =
1
2

∑
j

(
Ej(τ2

j )
(Ej(τj))2

)
− 1

2
.

Combining the fact that A#1 = 0 and (5) we observe that for all i ∈ N

0 = (A#1)i =
∑
j

A#
i,j = Tr(A#)−

∑
j 6=i

Ei(τj)πj .

Thus K̃ =
∑

j 6=i πjEi(τj). This was observed by Kemeny and Snell [20], and, more recently,
discussed in Doyle [11], Hunter [17] and [18] and Levene and Loizou [26]. The constant K = K̃ + 1
is known in the literature as the Kemeny constant for P or as the expected time for mixing. Note
that K̃ is equal to the discrete analog of Ei(T ), where T is the random variable defined above (4),
explaining the terminology. By Corollary 2 and the discussion preceding it, we now obtain that:

Corollary 4. K ≥ N+1
2 , with equality holding if and only if τj is a constant with respect to Pj, for

all j. In this case πj = 1
N and A#

j,j = 1
2(1− 1

N ).

This result is known. See for example Hunter [17].

We close this section with some formulas relating the discrete–time chain whose transition
matrix is P and the continuous–time process whose generator is A = P − I. Matching the formula
in Theorem 2 with that in Theorem 1 leads to the following:

Corollary 5.

1. Ei(σj) = Ei(τj)×


1, i 6= j,

1
1− Pj,j

, i = j.

2.
(1− Pj,j)Ej(σ2

j ) = Ej(τ2
j ) +

1 + Pj,j
1− Pj,j

1
πj
.

Proofs

We begin with the proof of Proposition 2.

Proof of Proposition 2. There is no loss of generality assuming that T is a stopping time for X
because it is a stopping time for the process {(X(t), U) : t ∈ R+}. Observe that:∫ ∞

0
(Pi(X(t) = j)− πj)dt = lim

M→∞

∫ M

0
(Pi(X(t) = j)− πj)dt = lim

M→∞

∫ M

0
Ei (1j(X(t))− πj) dt.

However,∫ M

0
Ei (1j(X(t))− πj) dt = Ei

(∫ M∧T

0
(1j(X(t))− πj) dt

)
+Ei

(∫ M

T
1{T<M} (1j(X(t))− πj) dt

)
.

(6)
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Since T is a stopping time, the strong Markov property and the fact that X(T ) is distributed
according to π imply that the second term on the right–hand side is equal to∫ M

0

(∫ M

u
(Pπ(X(t− u) = j)− πj) dt

)
dPi(T ≤ u),

where Pπ :=
∑

k πkPk. Since π is the invariant distribution for X, Pπ(X(s) = j) = πj , for all
s ∈ R+, and so the inner sum is equal to 0. In particular the second term on the right–hand side
of (6) vanishes. As for the first term on the right–hand side of (6), we observe that it is equal
to the expected value of a random variable, the time integral, which is dominated by the random
variable 2T . Since Ei(2T ) < ∞, the result follows from the dominated convergence theorem by
letting M →∞.

Next, we prove Theorem 1.

Proof of Theorem 1. Let G(z) = (zI − A)−1. The operator G is known as the Green’s function or
the z–potential of A. It is known that G is the analytical continuation of G(z) =

∫∞
0 e−t(zI−A)dt,

for <(z) > 0. Probabilistically this can be expressed as

Gi,j(z) = Ei

(∫ ∞
0

(
e−zt1j(X(t))

)
dt

)
, <(z) > 0.

By the strong Markov property, for i 6= j, we have that:

Gi,j(z) = Ei
(
e−zσj

)
Gj,j(z),

while

Gj,j = Ej

(∫ J

0
e−ztdt

)
+ Ej

(
e−zσj

)
Gj,j(z),

where J is the time X jumps from j and is exponentially distributed with parameter Aj . Then∫ J
0 e−ztdt = 1−e−zJ

z , and the expectation of this random variable is

1− Aj
z+Aj

z
=

1
z +Aj

,

which will hereby be denoted by Kj(z). Let Hj(z) = 1−Eje−zσj
z . We then have:

Gi,j(z) =
Kj(z)
zHj(z)

·


1, i = j,

Ei (e−zσj ) , i 6= j.

(7)

Note that Ej (e−zσj ) and Kj(z)
Hj(z)

are analytic at 0 and so do not vanish there. The Laurent series of
G at z = 0 can be written as

G(z) =
T−1

z
+ T0 + zT1 + . . . . (8)

9



This leads to several observations. First, one has T−1 = limz→0 zG(z). By (7),

(T−1)i,j =
Kj(0)
Hj(0)

=
1

AjEj(σj)
= πj .

Equivalently, T−1 is the projection T−1v = 〈v, π〉1. Next, note that V0 is zG(z)–invariant. However,
these operators are analytic at 0, while dk

dzk
(zG(z))|z=0 = k!Tk. Hence V0 is Tk–invariant. We also

have that zG(z)1 = 1 and therefore Tk1 = 0. As a conclusion, for v ∈ V0, G(z)v = T0v+zT1v+ . . . ,
and by taking z → 0, it follows that T0 = A#. Observe that Hj(z) = Ejσj − z

2Ej(σ
2
j ) + O(z2), as

z → 0. Therefore,

(T0)j,j = (zGj,j(z))′|z=0 = −
H ′j(0)
Hj(0)2

Kj(0) +
K ′j(0)
Hj(0)

=
Ej(σ2

j )
2Aj(Ejσj)2

− 1
A2
jEj(σj)

.

Finally,

(T0)i,j =
d

dz

[
Kj(z)
Hj(z)

Ej
(
e−zσj

)] ∣∣∣∣z=0 = (T0)j,j − (T−1)i,jEi(σj) = (T0)j,j −
Ei(σj)
AjEj(σj)

.

We close with the proof of Theorem 2, an adaptation of the proof of Theorem 1.

Proof of Theorem 2. Let G(z) = (zI − P )−1 = z−1(I − z−1P )−1. In particular, G is the analytic
continuation of the von–Neumann series z−1

∑∞
k=0 z

−kP k. Since P ki,j = Pi(X(k) = j), we have
that:

Gi,j(z) = z−1
∞∑
k=0

z−kPi(X(k) = j). (9)

Now let 0 ≤ η0 < η1 < . . . be the times X visits j. Then X(k) = j if and only if k = ηl, for some
l. In particular,

Gi,j(z) = z−1
∞∑
l=0

∞∑
k=0

z−kPi(ηl = k) = z−1
∞∑
l=0

Ei(z−σl).

Note that although η0 may be equal to 0 (which is equivalent to i = j). However, for all l ∈ Z+,
the distribution of ηl+1 − ηl under Pi coincides with that of τj under Pj . Therefore, applying the
strong Markov property successively one arrives at the formula:

Gi,j(z) =
Ei (z−η0)

z(1− Ej (z−τj ))
.

On the other hand, since G is analytic with the exception of a finite number of poles, including
a simple pole at 1, we obtain the Laurent expansion

G(z) =
T−1

z − 1
+ T0 + (z − 1)T1 + . . . .

10



Here, T−1 is a projection given by T−1v = 〈v, π〉1. For j ∈ Z+, V0 is Tj–invariant and Span{1} ⊂
ker(Tj). Therefore by letting z → 1, it follows that A# = T0. Equivalently, A#

i,j = d
dz ((z −

1)Gij(z))|z=1. Now

(z − 1)Gi,j(z) =
k(z)
h(z)

,

where

k(z) = Ei
(
z−ηj

)
and h(z) =

z (1− Ej (z−τj ))
z − 1

,

and therefore

A#
i,j =

k′(0)
h(0)

− k(0)h′(0)
h2(0)

. (10)

To compute A#
i,j explicitly, recall that by Taylor series expansion,

Ei (uτj ) = 1 + (u− 1)Ei(τj) +
1
2

(u− 1)2Ei(τj(τj − 1)) + o
(
(u− 1)2

)
. (11)

Letting u = z−1 and i = j, we obtain that

1− Ej
(
z−τj

)
= −

(
z−1 − 1

)
Ej (τj)−

1
2
(
z−1 − 1)2Ej (τj(τj − 1)) + o(z−1 − 1

)
.

Thus

h(z) = Ej (τj) +
z−1 − 1

2
(Ej (τj))

2Ej (τj(τj − 1)) = Ej (τj)− (z − 1)
Ej(τj(τj − 1))

2
+ o(z − 1).

In particular, h(0) = Ej (τj) and h′(0) = −1
2Ej (τj(τj − 1)). Now k(0) = 1 and when i = j,

k(z) = 1 for all z because η0 = 0, so k′(0) = 0. However, when i 6= j, k(z) = Ei (z−τj ) and so by
(11), k′(0) = −Ei (τj). Substituting these into (10), we obtain that:

A#
i,j =

Ej (τj(τj − 1))
2(Ej (τj))2

− 1i 6=j
Ei (τj)
Ej (τj)

.

Thus the formula follows by algebraic manipulation along with the fact that πj = (Ej(τj))−1.

4 Perturbations to Perron root

In this section we obtain a probabilistic interpretation of the first and second–order partial deriva-
tives of the Perron root of A with respect to its entries, or more precisely, some transformation of
the entries, to be described below. The main result, Theorem 4 identifies the Hessian matrix of
the Perron eigenvalue as a covariance matrix of some family of random variables. Since covariance
matrices are always positive semidefinite, this observation allows to derive some positivity and con-
vexity results, which will be presented in the next section. We also prove a central limit theorem for
the joint distribution of all additive functionals of X, and show that the covariance matrix for the
limiting multi–variate normal distribution coincides with the above Hessian (or covariance matrix).

We begin with a well–known result on the first and second–order derivatives of the Perron
root of A with respect to its entries. It serves as the bridge between probabilistic notions of the

11



invariant distribution and the covariance matrix, and the analytic notions of the first and second–
order derivatives of an analytic function, which are at the center of this section. The existence of
the derivatives of all orders of the Perron root with respect to the matrix entries at A follows from
the fact that the root is a simple eigenvalue of A and hence it is an analytic function in the entries
of the matrix, see Wilkinson [32, pp.66–67]. Let λ = λ(A) denote the Perron eigenvalue of A and
denote by λ(i,j) the derivative of λ with respect to Ai,j and λ(k,l),(i,j) the second order derivative
with respect to Ai,j and Ak,l. We are ready to state the result:

Theorem 3 (Deutsch and Neumann [10, Theorem 3.2]).

λ(i,j) = πi, λ(i,j),(k,l) = πiA
#
j,k + πkA

#
l,i.

The formula for the first derivative of the Perron root predates reference [10]. It can be found
in Stewart [31, p.305, Exer. 1] and in many other places.

Combining Theorem 2 and Theorem 3 we have the following corollary:

Corollary 6. Under the conditions of Theorem 2 and Theorem 3 we have that for all i, j ∈ N :

λ(i,j),(j,i) ≥
1
2
[
(πi + πj − 2πiπj) + πiPj,j(1− πj)2 + πjPi,i(1− πi)2

]
.

In particular,
λ(i,i),(i,i) ≥ πi(1− πi)[1 + Pi,i(1− πi)].

Recall the definition of E and Ed from the first paragraph of Section 2. As will soon to become
evident, the variables {αe : e ∈ E} are more natural than the actual entries of A. We consider
the entries of A as variables and introduce a new set of variables {αe : e ∈ E} which we define as
follows:

αe =

{
Ae, e ∈ Ed or Ae = 0,
lnAe, otherwise.

When e 6∈ Ed and Ae = 0, the edge e is non–existent from the point of view of the Markov chain
X. Because of this reason, we will disregard these variables, and the dependence of the Perron
eigenvalue on these will not be studied here.

We let U be the N × N matrix, whose all diagonal entries are all 1’s and whose off–diagonal
entries coincide with those of A. Note that Ui,j = dAi,j

dαi,j
. We will use U to simplify some of the

formulas below.

Let H = {He,e′ : e ∈ E} denote the Hessian matrix of λ defined through

He,e′ =
∂2λ

∂αe∂αe′
.

Theorem 3 now implies that:

Corollary 7.

1.
∂λ

∂αi,j
= πiUi,j .
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2.

He,e′ = λe,e′UeUe′ +


0, e 6= e′,

πiUi,j , e = e′ = (i, j).

We now state the main result of this section, a probabilistic interpretation of H. We first need
some notation. For v ∈ N , let Rv = σv

Ev(σv) and recall the definition of the matrix–valued process
N in (4). We have that:

Theorem 4. Let v ∈ N . Then:

He,e′ = Ev

[(
Ne(σv)−RvEv(Ne(σv))√

Ev(σv)

)(
Ne′(σv)−RvEv(Ne′(σv))√

Ev(σv)

)]
.

That is, H is the covariance matrix of the centered random variables{
Ne(σv)−RvEv(Ne(σv))√

Ev(σv)
: e ∈ E

}

with respect to the measure Pv.

We comment that the main ingredient in the proof of Theorem 4 is a martingale stopping tech-
nique. To the best of our knowledge, this technique has been first used by Ney and Nummelin
in [29] for studying Markov additive processes. More recently, and closer in spirit to our work,
O’Cinneide [30] has applied the technique to prove a large number of results, mostly inequalities
for Perron eigenvalues, including three of Cohen’s [8] conjectures. Since our work is concerned with
derivatives of the Perron root, we need to differentiate under the expectation sign. This requires
an elaboration of the martingale stopping technique.

We further comment that by its very definition, a covariance matrix is positive semidefinite, a
feature which is crucial for the convexity results in the next section.

Next we prove a central limit theorem for N or, more precisely, a limit theorem for the moment
generating function of some properly centered and scaled version of N . This observation allows us
to extend the probabilistic interpretation of H. Let Z = {Zi,j(t) : t ∈ R+\{0}} denote the N ×N
matrix–valued process Z defined through

Zi,j(t) =
Ni,j(t)− πiUi,jt√

t
. (12)

We define the dot product of two N×N matrices θ and Z, θ ·Z, by letting θ ·Z =
∑N

i,j=1 θi,jZi,j .
We have:

Theorem 5. There exists an ε > 0 such that for all complex–valued matrices θ, with ‖θ‖∞ < ε,

lim
t→∞

Ei (exp(θ · Z(t))) = e
1
2

(Hθ)·θ, i ∈ N .

Theorem 5 has the immediate corollary:
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Corollary 8. The distribution and all moments of Z converge as t → ∞ to those of a centered
normal vector with covariance matrix H. In particular, for all k ∈ N and m ∈ Z+,

lim
t→∞

Ek(Zi,j(t)m) = 12Z+(m) · (H(i,j),(i,j))
m/2(m− 1)!!, (13)

where (m− 1)!! is the product of all odd positive integers less than or equal to (m− 1), defined as
1 when m = 0, 1. Furthermore by Theorem 4 and Corollary 7,

H(i,j),(i,j) = (2A#
j,iUi,j + 1)πiUi,j .

We note that the last part of the corollary is due to the fact that by Theorem 5, the moment
generating function of Zi,j(t) converges to that of a centered normal random variable with variance
H(i,j),(i,j). The m–th moment of such a random variable is equal the expression on the right–hand
side in (13).

We would like to comment in regard to Theorem 5 and Corollary 8, that central limit theorems
for additive functionals of Markov chains have been studied by many authors through different
methods and are valid in much more general setting than presented here. For references repre-
senting the various approaches see Meyn and Tweedie [28] who utilize the regenerative structure,
Dehling, Denker and Phillip [9] who utilize mixing arguments, and Gordin and Lifsic [16] and Kip-
nis and Varadhan [22] who utilize Martingale methods. Here we make three contributions. The
first, and perhaps the most important, is an analytic identification of the covariance through the
generalized inverse. The second is that in the case of a finite-state Markov chain, our proof provides
a concise spectral-theoretic explanation to the central limit phenomenon. We are not the first to
prove central limit by expansion of the Perron root. Lalley [25] has applied this idea to prove a
central limit theorem for additive functionals of one dimensional Gibbs states. Finally, additive
functionals appearing in the literature are usually restricted to linear combinations of occupation
times, {Ne(t) : e ∈ Ed}, a proper subclass of the additive functionals considered here, linear combi-
nations of {Ne(t) : e ∈ E}. The analysis for the former class corresponds to diagonal perturbations
to A, while the analysis of the latter class considers perturbations to all entries of A (except for
the vanishing off–diagonal entries).

Proofs

Proof of Theorem 4. We need some notation. We denote the entrywise product or Hadamard
product of two N ×N matrices A and B by A � B, defined as A � B is the N ×N matrix with
(A � B)e = AeBe. We also let ˙exp(B) denote the entrywise exponential of B, that is the N ×N
matrix given by ( ˙exp(B))e = exp(Be). Finally, let B denote the N × N matrix whose diagonal
entries are all 0’s and whose off–diagonal entries coincide with those of B.

Let η be a matrix of real numbers and define a family of linear operators T = {Tt : t ≥ 0} by
letting

(Ttf)(i) = Ei
(
eη·N(t)f(X(t))

)
. (14)

It follows from the Markov property that T is a semigroup. We now find its generator. Recalling
that the probability of no jumps in [0,∆t] is 1−Ai∆t(1+o(1)), the probability of one jump to j 6= i
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is ∆t(1 + o(1))Ai,j , and that the distribution of number of jumps in [0,∆t] has finite exponential
moments in some neighborhood of the origin, it follows that

d

dt+
(Tt1j)(i)|t=0 =

{
Ai,je

ηi,j , j 6= i,

−Ai + ηi,i, j = i.

That is, the generator of T is the matrix Aη = A� ˙exp(η) + η − η. Consequently,

(Ttf)(i) = (eAηtf)(i). (15)

Since we are interested in differentiating λ(A) with respect to the variables {αe : e ∈ E}
we observe that the transformation αe → αe + ∆αe corresponds to Ae → Aee

∆αe , for all off–
diagonal e, and Ae → Ae + ∆αe, for e ∈ Ed. Or, in matrix notation, α → α + ∆α corresponds
to A → A � exp(∆α) + ∆α − ∆α = A∆α. We write λ(η) for the Perron root of Aη. Therefore
differentiation of λ(A) corresponds to differentiation of λ(η) at η = 0.

To study the derivatives of λ(η) we employ a martingale argument. We refer the reader un-
familiar with martingales to either Williams [33], Durrett [12], or any graduate–level textbook in
probability theory. Let {Ft : t ∈ R+} denote the filtration associated with X. That is Ft is
generated by sets of the form {X(s) ∈ A : s ≤ t, A ⊂ N}. Let

Mη(t) =
1

ϕη(X(0))
exp(η ·N(t)− λ(η)t)ϕη(X(t)).

We will show that {(Mη(t),Ft) : t ∈ R+} is a martingale. Observe that by the Markov property,

Ei[Mη(t+ s)|Ft] =
1

ϕη(X(0))
exp(η ·N(t)− λ(η)t)EX(t)

(
exp(η ·N(s)− λ(η)s)ϕη(X(s))

)
.

Consider now the expectation on the right–hand side. We have to show it is equal to ϕη(X(t)).
This expectation could be rewritten as e−λ(η)s(Tsϕη)(X(t)) which by (15) is equal to ϕη(X(t)).

We wish to stop this martingale at σi. Unfortunately, the above martingale is not uniformly
integrable and therefore Doob’s optional stopping theorem is not applicable here. Indeed, in The-
orem 5 below, we prove that η·N(t)−λ(A)t√

t
converges in law as t → ∞ to a normal distribution. In

particular, η ·N(t)− λ(η)t attains values of order
√
t with non-vanishing probability, which clearly

violates uniform integrability. In order to stop the martingale, we apply a different approach, a
change of measure.

Consider the family of linear operators S = {St : t ∈ R+} defined by letting

(Stf)(v) = e−λ(η)t 1
ϕη(v)

(Tt(fϕη))(v).

The generator of this semigroup, B, is equal to the h–transform (Aη − λ(η)I)ϕα . The h–transform
of an operator was defined in the first paragraph of Section 2. It follows from this formula that B
is a generator of an irreducible Markov chain. Let P̃v denote the distribution of this Markov chain
starting from v ∈ N . Then since (Stf)(v) = Ev (Mη(t)f(X(t))), it follows that P̃v|Ft is absolutely
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continuous with respect to Pv|Ft and the corresponding Radon-Nikodym derivative is Mη(t). Let
Ẽv denote the expectation with respect to P̃v. Note that irreducibility of X with respect to Pv
implies irreducibility with respect to P̃v, as

P̃v(X(t) = j) = Ev
(
Mη(t)1j(X(t))

)
> 0.

In particular, σv <∞, P̃v-almost surely. Now by the strong Markov property,

P̃v(σv ≤ t) = Ev
(
Mη(t)1{σv≤t}

)
= Ev

(
Mη(σv)1{σv≤t}g(t− σv)

)
,

where g(s) = EvMη(s) ≡ 1. Therefore on letting t→∞, it follows from the dominated convergence
theorem that

1 = P̃v(σv <∞) = Ev
(
Mη(σv)

)
. (16)

Thus, we were able to stop the martingale at σv while preserving the expectation value.

The next step is to differentiate (16) under the expectation sign. To justify this, we observe that
Mη(σv) = exp(η · N(σv) − λ(η)σv), and there is no longer any reference to ϕη. Since throughout
the discussion v is to remain fixed, in the sequel we write Mη for Mη(σv). Suppose now that δ is a
N ×N matrix, then

Mη+δ = Mη × exp (δ ·N(σv)− (λ(η + δ)− λ(η))σv) .

Thus,
Ev(Mη+δ) = Ẽv(exp(δ ·N(σv)− (λ(η + δ)− λ(η))σv) .

Since for all e ∈ E , Ne(σv) possesses finite exponential moments under P̃v in some neighborhood of
the origin and since λ(·) is analytic, it follows that there exists some ε > 0 such that

Ẽv
(
exp(ε

∑
e∈E

Ne(σv))
)
<∞.

This, combined with the fact that exp (δ ·N(σv)− (λ(η + δ)− λ(η))σv) is analytic in δ in some
neighborhood of the 0–matrix, guarantee that one can differentiate (16) under the expectation to
all orders.

It remains to differentiate (16) to obtain expression for the partial derivatives of λ with respect
to the entries of η. These derivatives should not be confused with the derivatives of λ with respect
to the entries of A. Differentiating once we obtain that:

0 =
∂

∂ηe
Ev(Mη) = Ev

((
Ne(σv)−

∂λ(η)
∂ηe

σv

)
Mη(σv)

)
.

It follows that
∂λ

∂ηe
(0) =

Ev(Ne(σv)))
Ev(σv)

, (17)

which gives a probabilistic proof to Corollary 7-(1). We are interested in the second-order derivatives
and therefore we differentiate once again, this time with respect to ηe′ to obtain
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0 =
∂2

∂ηe′∂ηe
Ev(Mη)

= −Ev
(
∂2λ(η)
∂ηe′∂ηe

σvMη

)

+ Ev

(
(Ne(σv)−

∂λ(η)
∂ηe

σv)(Ne′(σv)−
∂λ(η)
∂ηe′

σv)Mη

)
.

Thus, in view of (17) and when η = 0, we obtain that

∂2λ

∂ηe′∂ηe
(0)Ev(σv) = Ev

(
(Ne(σv)−RvEvNe(σv)) (Ne′(σv)−RvEvNe′(σv))

)
.

This concludes the proof.

Next we prove the central limit theorem, Theorem 5.

Proof of Theorem 5. We adopt notation from the proof of Theorem 4. Let ψη denote the eigenvec-
tor of Aη corresponding to λ(η), normalized to satisfy 〈ψη, ϕη〉 = 1.

Define Pηf = 〈f, ψη〉ϕη. Then Pη is a projection whose image and kernel are A–invariant. But
then, by the Jordan canonical form of Aη and equations (14) and (15) we have that

Tt = eAηt = eλ(η)tPη + eγηtΓ(η, t), (18)

where
γη = max< ({λ eigenvalue of Aη : λ 6= λ(η)}) < λ(η),

and where Γ(η, t) is a linear operator satisfying Γ(η, t)Pη = PηΓ(η, t) = 0. We note that for
all η in some open neighborhood of 0 and for all t ≥ 0, Γ(η, t) is uniformly bounded and that
lim supη→0 γη < 0.

Below we write λ′(0) for the N ×N matrix given by (λ′(0))e = ∂λ
∂ηe

(0). Fix k ∈ N and let

Λ(θ, t) = Ek(eθ·Z(t)) = e−
√
tθ·λ′(0)Ek

(
e
θ√
t
·N(t)

)
.

Note that the last equality follows from the definition of Z in (12). On putting η = 1√
t
θ, we obtain

that

Λ(θ, t) = e−
√
tθ·λ′(0)(Tt1)(k) =

e−√tθ·λ′(0)e
λ( 1√

t
θ)
P 1√

t
θ︸ ︷︷ ︸

(I)

+ e−
√
tθ·λ′(0)e

γ 1√
t
θ
t
Γ(

1√
t
θ, t)︸ ︷︷ ︸

(II)

1(k),
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where the first equality is due to the definition of Tt, (15), and the second is due to (18). We
observe that as t → ∞, (II) → 0 at an exponential rate because Γ is uniformly bounded and
limt→∞ γ 1√

t
θ < 0. Therefore it remains to estimate the asymptotic behavior of (I). By Taylor’s

expansion and analyticity of λ in some neighborhood of the origin, we have that

λ(
1√
t
θ)t =

√
tθ · λ′(0) +

1
2

(Hθ) · θ +O
(
t−1/2

)
.

In addition, ϕη and ψη are analytic in some neighborhood of the origin. This implies P 1√
t
θ → 〈f, π〉1

as t→∞. Thus,
lim
t→∞

Λ(θ, t) = e
1
2

(Hθ)·θ,

and the proof is complete.

5 Applications to Positive Matrices

In this section we show some applications of the results and techniques presented in the preceding
sections, focusing mostly on convexity results related to the Perron root.

Let B be an irreducible nonnegative matrix. Let λ(B) denote its Perron eigenvalue and let ψB
and ϕB denote, respectively, its corresponding positive left and right eigenvectors, normalized so
that 〈ψB, ϕB〉 = 1. In analogy to Section 4, we introduce a new set of variables {βe : e ∈ E} which
we define as follows:

βe =

{
Be, e ∈ Ed or Be = 0,
lnBe otherwise.

The variables corresponding to vanishing off–diagonal entries will play no role in the following dis-
cussion.

We need to transform B into a generator of an irreducible Markov chain. Recall the definition
of the h-transform T h of a linear operator T , given in the first paragraph of Section 2. Of course,
the spectrum of T h coincides with that of T , because T h and T are similar matrices. Now let
A = (B − λ(B)I)ϕB . It follows that A is the generator of some irreducible Markov chain on X.
Furthermore, ψBϕB is a left eigenvector for A corresponding to the eigenvalue 0. Thus, π the
invariant probability distribution is given by π = ψBϕB.

Throughout this discussion, A and B above will be fixed as ”reference” matrices and we will
consider small perturbations to them obtained as follows. Suppose now that B̃ is obtained from
B by changing some of its entries, including the vanishing off-diagonal entries. This perturbation
induces a perturbation to A which we denote by Ã, given by Ã = A+ (B̃ −B)ϕB . We note that

Ã = (B − λ(B)I + B̃ −B)ϕB = (B̃ − λ(B)I)ϕB .

Hence Ãi,j = 1
ϕB(i)(B̃i,j − λ(B)δi,j)ϕB(j). In particular, dAi,j

dBi,j
= ϕB(j)

ϕB(i) . This impies dαi,j
dβi,j

= 1. We

also observe that λ(Ã) = λ(B̃ − λ(B)I) = λ(B̃) − λ(B). Finally, a straightforward computation
shows that (B − λ(B)I)# = (A#)1/ϕB or, equivalently, that A# = ((B − λ(B)I)#)ϕB . These
observations have the following theorems as immediate corollaries to Theorem 3 and Theorem 4,
respectively.
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Theorem 6.

1.
∂λ(B)
∂Bi,j

=
ϕB(j)
ϕB(i)

πi = ϕB(j)ψB(i).

2.

∂2λ(B)
∂Bk,l∂Bi,j

=
ϕB(j)
ϕB(i)

ϕB(l)
ϕB(k)

(
πiA

#
j,k + πkA

#
li

)

= ψB(i)ϕB(l)(B − λ(B)I)#
j,k + ψB(k)ϕB(j)(B − λ(B)I)#

l,i.

Theorem 7.

1.
∂λ(B)
∂βi,j

=
∂λ(B)
∂αi,j

= πi = ψB(i)ϕB(i).

2.
∂2λ(B)
∂βe′∂βe

= He,e′, where H is the covariance matrix of Theorem 4. In particular, λ(B) is a

convex function of the variables {βe : e ∈ E}.

The convexity of λ(B) with respect to the diagonal entries of B was studied by several authors,
see Cohen [7], Elsner [13], Friedland [15], and Deutsch and Neumann [10], and the references therein.
Kingman [21] has shown that if all entries of B are log–convex functions of a single variable t, then
λ(B) is a convex function of t. The following Corollary to Theorem 7–(2) is a slight improvement
of Kingman’s result:

Corollary 9. Let I ⊂ R be a nonempty interval interval. Suppose that for every t ∈ I, there exists
an essentially nonnegative irreducible matrix B(t), where the functions Be(·), e ∈ Ed, are convex
and the functions Be(·), e 6∈ Ed, are log–convex. Then the function t→ λ(B(t)) is convex on I.

To see why the corollary holds, for a given B, let β denote the N ×N matrix whose e’th entry
is βe, and define λ̃(β) as λ(B). By Theorem 4, λ̃ is an increasing and convex function of the entries
of β. Therefore for any ρ ∈ [0, 1] and s, t ∈ I, we have that

λ(B(ρs+ (1− ρ)t)) = λ̃(β(ρs+ (1− ρ)t)) ≤ λ̃(ρβ(s) + (1− ρ)β(t))

≤ ρλ̃(β(s)) + (1− ρ)λ̃(β(t)) = ρλ(B(s)) + (1− ρ)λ̃(B(t)).

This shows that t→ λ(B(t)) is convex.

Another convexity–related result we prove is the following, due to Kirkland, Neumann, Ormes,
and Xu [24].

Theorem 8 (Kirkland, Neumann, Ormes and Xu [24]). For all i, j ∈ N such that Bi,j > 0, we
have that ∂2 lnλ(B)

∂(lnBi,j)2
≥ 0. An equality holds if and only if all of the following hold:
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1. i 6= j

2. Bi,jϕB(j) = λ(B)ϕB(i)

3. All sequences of states i1, . . . , il satisfying i1 = j, ik 6= i, for k < l, il = i , and Bik,ik+1
> 0, for

all k = 1, . . . , l − 1 are of the same length.

We comment that our proof to Theorem 8 is essentially a probabilistic interpretation of the ideas
originally used to prove the theorem in [24]. This illustrates the usefulness of the second moment
term in Theorem 2. The key to proof of the theorem in [24] is [24, Lemma 2.1], which is an inequality
between two series. Although not immediately clear, it could be shown that this inequality reduces
to the statement that the variance of some random variable is nonnegative, something which is
always true. In our approach, we use Theorem 2 to express the second derivative of the logarithm
of the Perron root as the sum of the variance of a random variable and a nonnegative term, see (21).

We further remark that if all the entries of B are strictly positive, then the matrix whose entries
are ∂ lnλ(B)

∂ lnBi,j
, i, j ∈ N is known in the literature as the elasticity matrix associated to B. It provides

a normalized measurement of the change of λ induced by a change in the entries. Indeed, by the
chain rule

∂ lnλ(B)
∂ lnBi,j

=
∂λ(B)
∂Bi,j

∂ lnλ(B)
∂λ(B)

∂Bi,j
∂ lnBi,j

=
1

λ(B)
∂λ(B)
∂Bi,j

Bi,j ,

and by Theorem 3–(1),
∂ lnλ(B)
∂ lnBi,j

=
1

λ(B)
ϕB(j)ψB(i)Bi,j ≥ 0.

Thus summing over all i, j, we obtain∑
i,j

∂ lnλ(B)
∂ lnBi,j

=
1

λ(B)
〈ψB, BϕB〉 = 1.

Next we prove a result on the relation between the eigenvectors of B and its ”topological”
structure, originally proved by Elsner and Johnson [14], where it was proved using matrix–theoretic
methods. Although our proof contains ingredients present in the original proof, mostly the idea of
cycle decomposition, our approach presents the probabilist’s view on this problem and illustrates
the usefulness of probabilistic techniques in this and similar contexts.

To begin, let E be a {0, 1}–valued matrix defined by letting Ee = 1 if and only if Be > 0, e ∈ E .
That is, E is the indicator function of the existing edges. We now have:

Theorem 9 (Elsner and Johnshon [14]). For all ε ≥ 0, d
dελ(B + εE) ≥ 1 or, equivalently, for all

ε ≥ 0, λ(B(ε)) ≥ λ(B) + ε.

Note that it follows from Theorem 6–(1) that d
dελ(B + εE)|ε=0 = 〈ψB, EϕB〉. Therefore we

obtain the following energy-like estimate:

Corollary 10. Let E be an irreducible (0, 1)–matrix, and let B be any nonnegative matrix satisfying
that Bi,j > 0 if and only if Ei,j = 1. If ψB and ϕB are respectively, positive left and right
eigenvectors of B corresponding to the Perron root λ(B), then 〈ψB, EϕB〉 ≥ 〈ψB, ϕB〉.
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Proofs

We begin with a lemma used in the proof of Theorem 8. We then prove the lemma, and continue
proving the theorem from the lemma. We close the section with the proof of Theorem 9.

Lemma 1. Let P be the transition matrix of an irreducible discrete–time Markov chain. Then for
all i, j ∈ N , ∂2 lnλ

∂(lnPi,j)2
≥ 0. Given a pair i, j ∈ N , then an equality holds if and only if all of the

following conditions hold:

1. i 6= j.

2. Pi,j = 1.

3. All paths from j to i are of the same length (equal to Ei(τi)− 1).

Proof of Lemma 1. In [24] it was shown that

∂2(lnλ(P ))
∂(lnPi,j)2

= πiPi,j

(
2Pi,jA

#
j,i + 1− πiPi,j

)
. (19)

This is obtained from Theorem 3 (where A = P − I) and the chain rule. Recall now from Theorem
2 that

2A#
j,i = π2

iEi(τ
2
i )− πi − 21i 6=jEj(τi)πi. (20)

Conditioning on the first step of the discrete-time chain Y , it follows from the Markov property
that

Ei(τ2
i ) = Ei

∑
l 6=i

1l(Y1)El
(
(τi + 1)2

)+ Pi,i = Pi,jEj
(
(τi + 1)2

)
+
∑
l 6=i,j

Pi,lEl((τi + 1)2) + Pi,i︸ ︷︷ ︸
=∆i,j

.

Note that ∆i,j ≥ 0 with equality holding if and only if Pi,j = 1. Plugging this into (20) we have

2A#
j,i = π2

j

(
Pi,jEj((τj + 1)2) + ∆i,j

)
− πj − 2πi1i 6=jEj(τj)

Hence,

2Pi,jA
#
j,i + 1− πiPi,j = π2

jPi,j
(
Pi,jEj((τj + 1)2) + ∆i,j

)
− πiPi,j − 21i 6=jπiPi,jEj(τj) + 1− πiPi,j .

Multiplying both sides by πiPi,j we arrive to

∂2λ(P )
∂(lnPi,j)2

= πiPi,j
(
π2
i P

2
i,jEj

(
(τi + 1)2

)
+ π2

i Pi,j∆i,j − πiPi,j − 21j 6=iπiPi,jEj (τi) + 1− πiPi,j
)

= πiPi,jEj
((
πiPi,j(τi + 1)− 1

)2)+ (πiPi,j)2
(
πi∆i,j + 21i=jEj(τi)

)
. (21)

The right–hand side is clearly nonnegative. Since our discussion is restricted to pairs i, j for which
Pi,j > 0, the expression on the right–hand side is equal to 0 if and only if all of the following hold:

1. i 6= j
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2. πiPi,j(τi + 1) = 1, Pi–almost surely.

3. ∆i,j = 0, namely Pi,j = 1.

This completes the proof.

We now prove Theorem 8.

Proof of Theorem 8. Similarly to the discussion preceding Theorem 7, we let P = 1
λ(B)B

ϕB . Then

P is the transition function of an irreducible Markov chain. A perturbation B̃ to B induces a
perturbation P̃ to P defined through P̃ = 1

λ(B)(B + B̃ − B)ϕB . Therefore dPi,j
dBi,j

= 1
λ(B)

ϕB(j)
ϕB(i) , or

on viewing B̃ as a perturbation induced by a perturbation to P , dBi,j
dPi,j

= λ(B) ϕB(i)
ϕB(j) . Now note

that λ(P̃ ) = 1
λ(B)λ(B̃). Thus by the chain rule, for all pairs i, j such that Bi,j > 0, we have

that ∂2 lnλ(B)
∂(lnBi,j)2

= λ(B) ∂
2 lnλ(P )

∂(lnPi,j)2
. From Lemma 1, the right–hand side is nonnegative and is strictly

positive if and only if ı 6= j, Pi,j = 1 and all paths from j to i are of the same length. Restating
the latter two conditions in terms of B completes the proof of the theorem.

We now prove Theorem 9.

Proof of Theorem 9. Let B(ε) = B+εE. Note that it is enough to prove that λ′(B(0)) ≥ 1, because
the derivative of λ(B(·)) at ε = ε0 > 0 is obtained by replacing B with B(ε0) and differentiating
λ(B(ε0 + ε)) at ε = 0. We will work with a discrete-time Markov chain, whose transition function
we define as follows. For i ∈ N , let di =

∑
j Ei,j . Let P = diag(d−1

1 , . . . , d−1
n )E. Then P is the

transition matrix of an irreducible Markov chain, Y = {Yn : n ∈ Z+}. The matrix P will remains
fixed throughout the discussion below.

Let C be any nonnegative matrix which is zero exactly where E (or B) is. Then for all e ∈ E ,

Ce = Pe
Ce
Pe
.

Or, on letting Ni,j(n) denote the number of time Y has jumped from i to j up to time n, one can
reformulate the relation above between C and P through

Ci,j = Ei

((∏
e∈E

(
Ce
Pe

)Ne(1)
)

1j(Y1)

)
.

The Markov property then implies that for all n ∈ N,

Cni,j = Ei

(∏
e∈E

(
Ce
Pe

)Ne(n)

1j(Yn)

)
.

We now fix some i ∈ N . Let

Zn(C) =

(∏
e∈E

(
Ce
Pe

)Ne(n)
)

1i(Yn).
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Then Cni,i = Ei(Zn(C)). Next, note that lnλ(C) = limn→∞
1
n lnCni,i. Therefore,

lnλ(B(ε))− lnλ(B) = lim
n→∞

1
n

(
lnEi

(
Zn(B(ε))

)
− lnEi

(
Zn(B)

))
= lim

n→∞

1
n

ln
Ei
(
Zn(B(ε))

)
Ei
(
Zn(B)

) . (22)

Now for any two integrable positive random variables U and V , defined on the same probability
space, we have that E(V E(U) − UE(V )) = 0. Therefore with positive probability there exists a
realization of the vector (U, V ) for which V E(U) ≥ UE(V ). By the assumption on positivity of U
and V , this inequality is equivalent to E(U)/E(V ) ≥ U/V , or ln E(U)

E(V ) ≥ ln U
V . Taking U = Zn(B(ε))

and V = Zn(B), we see that there exists a realization of Y satisfying

ln
EiZn(B(ε))
EiZn(B)

≥ ln
Zn(B(ε))
Zn(B)

. (23)

Since we assumed that Yn = i, this realization is a loop (starting and ending at the same point) and
therefore it can be decomposed into k loops with no self intersection, Γ1, . . . ,Γk. More precisely,
there are k increasing subsequences I1, . . . , Ik of {0, 1, . . . , n}, where Il = (nl1, . . . , n

l
|I(l)|) and the

following conditions holds:

1. For all l, Ynl1 = Ynl|I(l)|
, while the elements Ynl1 , . . . , Ynl|Il|−1

are all distinct.

2. For all l and j ∈ {1, . . . , |Il| − 1}, we have that PY
nl
j
,Y
nl
j+1

> 0.

3. Each s ∈ {0, . . . , n} belongs to either one or two subsequences and if it belongs to two
sequences Il and Il′ , l < l′, then nl

′
1 = s = nlj for some j ∈ {1, . . . , |Il| − 1} and nlj+1 =

inf{k > nlj : Yk = Ynlj
}+ 1.

Let us explain these conditions. The first means that the path Γl, defined as the sequence
(Ynl1 , Ynl2 , . . . , Ynl|Il|

), is a loop having no sub–loops. The second means that this loop consists

of allowed transitions, or that it has positive probability. The third explains the rule governing the
allocation of times {0, . . . , n} between two loops and how we break a loop that contains sub–loops
into loops that do not, by simply removing the ”nested” sub–loops.

Let N l
i,j denote the number of times Γl has i followed by j, or simply put, the number of transi-

tions from i to j. Of course N l
i,j is either 0 or 1, because Γl does not contain sub–loops. Let C l be

N ×N matrix defined through C le = N l
eCe, and let ρCl =

∏
e∈E N

l
eCe, the product of the non–zero

elements in C l. Observe that since Γl is a loop, λ(C l) = ρ
1/|Il|
Cl

.

Clearly, Zn(C) =
∏k
l=1 ρCl . Hence taking C = B(ε) once and then taking C = B, we find that

Zn(B(ε))
Zn(B)

=
k∏
l=1

[
ρB(ε)l

ρBl

]
=

k∏
l=1

[
λ(B(ε)l)
λ(Bl)

]|Il|
.

Now [
λ(B(ε)l)
λ(Bl)

]|Il|
=

∏
{e∈E:Ble>0}

Be + ε

Be
.
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Let η ∈ (0, 1) be arbitrary. Then for ε sufficiently small, Be+ε
Be

= 1 + ε
Be
≥ e(1−η) fε

Be for all e ∈ E .
This implies

ln
Zn(B(ε))
Zn(B)

≥ (1− η)
k∑
l=1

∑
{e:∈E:Ble>0}

ε

Be
= (1− η)ε

k∑
l=1

|Il|
1
|Il|

∑
{e:∈E:Ble>0}

1
Be
.

As
∑k

l=1 |Il| ≥ n, there exists now some l0 such that

1
n

ln
Zn(B(ε))
Zn(B)

≥ (1− η)
|Il0 |

∑
{e:∈E:B

l0
e >0}

ε

Be
≥ (1− η)ε

 ∏
{e:∈E:B

l0
e >0}

1
Bl0
e


1/|Il0 |

=
(1− η)ε
λ(Bl0)

,

where we have used the arithmetic–geometric mean inequality to obtain the second inequality. But
since Bl0

e ≤ Be for all e ∈ E , we have λ(Bl0) ≤ λ(B). Thus,

1
n

(lnZn(B(ε))− lnZn(B)) ≥ (1− η)ε
λ(B)

.

From (22) and (23) we then obtain

lnλ(B(ε))− ln(λ(B))
ε

≥ 1− η
λ(B)

.

Taking ε → 0 and then η → 0 shows that (lnλ(B(ε)))′|ε=0 ≥ 1
λ(B) , or, equivalently, λ′(B(ε)) ≥ 1,

completing the proof.
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